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Chapter # 15: Oscillations 


Each day we encounter many kinds of oscillatory motion. Common examples include the swinging pendulum of a clock 
and vibrating guitar string. Examples on the microscopic scale are vibrating atoms in quartz crystal of a wristwatch and 
vibrating molecules of air that transmit sound waves. The above cases are mechanical oscillations. We are also familiar 
with electromagnetic oscillations, such as electrons surging back and forth in circuits that are responsible for 

transmitting and receiving radio or TV signals. 

One common feature of all these systems is the mathematical formulation used to describe their oscillations. In all cases, 
the oscillating quantity, whether it be the displacement of a particle or the magnitude of an electric field, 

describei in ™ ° fsine ° r o' 

In this chapter we concentrate on mechanical oscillations and their description. 

15.1 The Simple Harmonic Oscillator (SHO) 


“An oscillator whose acceleration is directly proportional to the displacement and acceleration is directed 
towards the mean position is called simple harmonic ost,. 

Derivation of the Equation of Simple Harmonic Oscillator 


Consider an oscillating system consisting of a particle of 
mass m attached to a spring of spring constant ‘/c’ that is free 
move over a frictionless horizontal surface is subjected 
restoring force F such that: 

F oc —x 

F = -kx -(1) 

where x is the displacement of the particle frontvits equilibrium 
position, k is also called the stiffness factor and its value depends 
on the nature of spring. It is large for a hard spring and small for a 
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From (1) and (2), we have: 
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A simple harmonic oscillator, consisting of a spring 
acting on a body that slides on a frictionless horizontal sur¬ 
face. In (a), the spring is stretched so that the body has its 
maximum displacement from equilibrium. In (c) the spring it 
fully compressed. In (A) and (d), the body is passing through 
equilibrium with its maximum speed, and the spring is relaxec 


X =-X 

m 
k 

x H-x = 0 

m 

d 2 x k 

~TV H — x = 0 
dt 2 m 


x = 


d 2 x 

dt 2 


Putting 


- 


m 


or we get 


d 2 x 

dt 2 


+ at 2 x = 0 


(3) 


This is the equation of motion of simple harmonic oscillator. This is second order differential equation. This 


equation gives a relation between x and its 2 nd derivative x. 
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Solution of Equation of Simple Harmonic Oscillator 

The motion of simple harmonic oscillator is described by formula: 
x ’+ a) 2 x = 0 

Multiplying both sides by x we get 
xx + a) 2 xx = 0 


Integrating both sides with respect to time t, we have: 


J xx dt + a) 2 J xx dt = f 


0 dt 
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Integrating both sides, we have: 
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x 


= sin(a)t + cp ) 


yjlB/a) 2 
x = V2 B/co 2 sin (u>t + cp ) 



x = x m sin(mt + cp) -(4) 

This is the solution of differential equation of simple harmonic oscillator. This solution can also be put in the 
form as: 

x = x m cos(mf + cp) -(5) 

Equation (5) is also solution of the equation of simple harmonic oscillator. So we find that equation (4) and 
(5) both are the solutions of equation (3) because both the solution satisfy equation (3) as shown below: 


& 


If x = x m sin(cuf + cp) is solution, then 
x = cox m cos(cot + cp) 
x = —a) 2 x m sin(mf + cp) => x = —cj 2 x 
Now take equation (3) 

x + a) 2 x = 0 

Consider L.H.S = x + a) 2 x 


= —cj 2 x + a) 2 x = 0 


= R.H.S 

So x = x m sin(mf + cp) is solution of 
equation of SHO 


ion of /^O 


is show 
tion, tf 


If x = x m cos (cut + <p) is solution, then 
x = —cjx m sin(tuf + cp ) 

X = —0) 2 x m cos (tut + (p) => X = — 0) 2 X 
Now take equation (3) 

x + o) 2 x = 0 


jo- 


& 
& ' 


L.H.S = x + cj 2 x 
= —o) 2 x + cj 2 x = 0 
= R.H.S 

So x = x m cos(mf + cp ) is solution of 
equation of SHO 


Various Parameters of Oscillator: 


(i) Amplitude : It is the maximum displacement from the mean position. The displacement will be maximum 
when sin(mf + <p) = +1 and cos(mf + cp) = ±1. Hence, 

Maximum Displacement = ±x m 
So the amplitude of the oscillator is +x m and — x m . Now, 



(ii) Time Period : Time taken to complete one vibration is called time period. As a> has the dimensions of 
angular velocity, so time period T is given by: 

2n 
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T = 2n 


\m 

k 


This shows that time period depends only on the mass of oscillator and spring constant and does not 
depend on the amplitude. 

(iii) The Displacement of SHO is periodic as the function of its Time : In equation (3) if we increase the 

2n 

time t by T = — then the value of x remain unchanged. So 

[Displacement at time t] = [Displacement at time t + T] => x t = x, 

Consider R.H.S = x t+T 

= x m cos[m(f) + cp] 

= x m cos[o)(f + T) + cp] 

2n\ 


t + T 


o 


& 


= x m cos 


Cl) | t H- J + (p 


= X m cos[o)f + 271 + cp] 

= x m cos(mf + cp ) 

= x t = L.H.S 

Hence proved that Displacement of SHO is periodic as function of time. 

(iv) Frequency : The reciprocal of time period is called frequency. It gr 

f=\ 

2 n A 




o v 


ives the number of vibrations per 


second. Thus frequency is given by 
1 
T 

0 ) 

f = — v T = 

2n a) / 2n 



sY 



This shows that frequency is independent of amplitude. 

(v) Phase : The term (ojt + <p) is called the phase of oscillator. It determines the displacement as well as the 
direction of motion for SHO. 


>tion for SH 


Important Note: 

At f = 0 the value of phase = cp. So cp is called initial phase. It gives the position of start of oscillator. 


Hue ot 

——- 


Problem: A SHM takes 12 s to undergo 5 complete vibrations. Find (a) Time Period (b) Frequency and 
(c) Ang •’requency of oscillator. 



Given Data: Total Time t = 12 s. Number of Vibrations n = 5 


To Determine: (a) Time Period T =?, (b) Frequency / =?, (c) Angular Frequency a> =? 


Calculations: (a) T = - = — = 2.4 s 

n 5 

(b) / = - = — = 0.42 s 

y T 2.4 

(c) a) = 2nf = 2 X 3.14 X 0.42 = 2.62^ 
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Problem: A load of 15 g elongates the spring by 2 cm. Find spring constant. 


Given Data: Mass m = 15 g = 0.015 kg, Elongation x = 2 cm = 0.02 m 
To Determine: Spring constant k =? 

Calculations: For Present Case: F = kx => mg = kx => k = — = 0,015x9,8 = 7.35 — 

a x 0.02 m 

Problem. A block weighing 4.0 kg extends a spring by 0.16 m from its un-stretched position. The block 
is removed and a 0.50 kg body is hung from the same spring. If the spring is now stretched and then 
released, what is the period of vibration? 


Given Data: Mass of First Object m x =4 kg, Elongation x = 0.16 m 

Mass of Second Object m 2 = 0.50 kg 

To Determine: Time Period 

T =? For time period, we have to find the Spring Constant k 

Calculations: By Hook’s Law 

As T = 2tt J ^ = 2 X 3.14 X 

F = kx => m x g = kx => k = ^ = 245 Nm' 1 

16 x 0.16 

§ = 0,28 s 


equation from its position, as a function of time is x = 0.25 cos t. What is the displacement of the 
object after 2.0 s? 


Given Data: Equation of Motion of body executing SHM x = 0.25 cos t-(1) 


To Determine: Amplitude x 0 =?, Frequency f =?, Time Period T =? 
Displacement x=?atL«2s 


Calculation: General Equation of Motion of body executing SHM x = x 0 cos cot — 
(i) Comparing (1) and (2) : x 0 = 0.25 


--( 2 ) 


o>k= - => 2nf = - => f = — Hz 

o ~ 


Sp: _ 

f P/is) 

(ii) Putting t = 2s in equation ( 1 ) : x = 0.25 cos 

1. A sp 


8 

= 16 s 


16 


x 2 = 0.18 m 


Sample Problem # 1. A spring hangs vertically when a body of mass M = 1.65 kg is suspended from it. 
Its length increases by 7.33cm.The spring is then mounted horizontally and a block of mass 
m = 2.43 kg is attached to the spring. The block is free to slide along a frictionless horizontal surface, 
(a)What is the force constant k of the spring? (b)How much horizontal force is required to stretch the 
spring by a distance of 11.6 cm? (c)When the block is displaced a distance of 11.6 cm and released, 
with what period will it oscillate? 


Given Data: Mass of First Object M = 1.65 kg, Elongation x 1 = 7.33 cm, 

Mass of Second Object m = 2.43 kg. Displacement as Result of Horizontal Force x 2 = 11.6 cm 
To Determine: (a) Spring Constant k =?, (b) Horizontal Force (for Displacement of 11.6 cm) F =? 
(c) Time Period T =? 
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Calculations: (a) When suspended body is in equilibrium the spring force kx balances weight mg 
mg 1.65 x 9.8 


kx = mq => /c =-= 

w x 0.0733 


= 221 N/m 


(b) As by Hook’s Law: F = kx = 221 x 0.116 = 25.6 N 

(c) As T = 2u F = 2 x 3.14 — = 0.659 s 

■\ k \ 221 


Problem: A 7 kg mass is hung from the bottom of vertical spring. The mass is set to vertical oscillation 
with period of 2.6 s. Find force constant of spring. 


Given Data: Mass m = 7 kg, Time Period T = 2.6 s 


To Determine: Force Constant k =?, 


Calculation: As T = 2tt — => T 2 = 4tt 2 — => k = 4tt 2 — = 4 x (3.14) 2 x „ 

J k k T 2 v ' (2.6) 2 


= 40.9- 

m 


Relation between Displacement and Velocity: 




The displacement of simple harmonic oscillator is given by: 
x = x m cos (cot + cp) 

Velocity is the time derivative of displacement, therefore, 
dx 


v = 


dt 


d 


v = -^[x m cos(mf + <p)\ 
v = —cjx m sin(a)t + cp) 
v = —a)x m -J 1 — cos 2 {cot + cp ) 

v = —CJX 


& 




sin(cL>t + q>) = y] 1 — cos 2 (jx>t + cp) 



x 

V — = cos (cut + cp) 

Xyn 


= —GdX-n 




X L 


X n 


This is the relation between displacement and velocity of SHO. From this relation we find that 
velocity of SHO is maximum when displacement x is minimum and velocity is minimum when displacement 
x is maximum. 


Relation between Displacement and Acceleration of SHO 


As acceleration is described as the time derivative of velocity, so 
dv 


a = 


dt 


d 


a = — [—a)x m sin(a)t + cp )] 
dt 

a = —a) 2 x m cos(cot + cp) 


Velocity of SHO v = —(x>x m sin{cx>t + cp) 
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=> a = —o) 2 x x = x m cos(m t + cp ) 

This is the relation between displacement and acceleration. From this relation we find that: 

• Acceleration is maximum when displacement is maximum but direction of acceleration is opposite to the 
displacement. Thus acceleration is maximum at extreme position because elastic restoring force is 
maximum at extreme position. 

• Acceleration is zero when displacement is zero. The acceleration is zero at the mean position because 
elastic restoring force is zero at mean position. 

Problem. A load of 15.0 g elongates a spring by 2.0 cm. If body of mass 294 g is attached to the spring 
and is set into vibration with an amplitude of 10.0 cm, what will be the (i) period (ii) Spring Constant 
(iii) maximum speed of its vibration. 


Given Data: Mass of First Object m x = 15 g = 0.015 kg, Elongation x = 2 
Mass of Second Object m 2 = 294 g = 0.294 kg, Amplitude x 0 


To Determine: (i) Period T =? (ii) Spring Constant k =? (iii)M Speed v 0 =? 


Calculations: By Hook’s Law (ii) F = kx=>m 1 g = kx 



k = mig = 4X9£ _ 73S Nm _! 


(i) As T = 2 tt = 2 x 3.14 x = 1.26 s 


(iii) As Maximum Speed v 0 = x oJ~ = 0-01 x = 0-05 ms 1 

___ ,4 • _ 

Problem: A spring, whose spring constant is 80 Nm' 1 vertically supports a mass of 1.0 kg in the rest 
position. Find the distance by which the mass must be pulled down, so that on being released, it may 
pass the mean position with a velocity of 1.0 ms -1 . 



Problem: A particle executes SHM with amplitude of 3 cm. At what distance from mid-point of its 
position, does its speed equal to one half of its maximum speed. 

Given Data: Amplitude x m = 3 cm = 0.03 m. 

To Determine: Displacement x =? When Velocity v = 
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Energy Consideration in Simple Harmonic Motion: 


In simple harmonic motion, the total energy of the oscillator remains constant. 

The energy of oscillator at any displacement “x” from the mean position is partly K.E and partly P.E. 


The instantaneous displacement of SHO is described by formula: 

x = x m cos(mt + cp) 

Potential Energy of SHO : 

The work done in stretching or compressing a spring will store in the fo: 
instantaneous potential energy at any instant is given by: 


U = J Fdx = j kxclx = k j xdx 


o 

x 1 
„ = -kx 2 
0 2 


o 

=> U = k 
1 

=> U = -k[Xm cos 2 (cut + <p)] 

1 

=> U = —kXm cos 2 (mt + cp) - 

So P.E varies with time and has maximum value. 




Ur, 


1 _ 
= 2 kx m 


& 


f potential energy. The 


Kinetic Energy of SHO 

The kinetic energy at any instant is given by 



Maximum Value of cos (cut + <p) = 1 


K.E = -mv 2 
2 


=> K.E 


(dxV 
2'\di) 


1 r d I 2 

=> K.E = -m[—{x m cos(a)t + cp)} 




K.E = -m[(—mx m )sin(rnt + <p)] 2 


v x = x m cos (cot + cp) 
d 


dt 


{x m cos(mt + <p)} = —(jL>x m sin (tut + cp) 


K.E = -mm 2 x^sin 2 (mt + cp) 


K.E = — kx^sin 2 (cot + cp) 


( 2 ) 


V CJ 


2 _ 


& ma) 


2 _ 


m 


So kinetic energy varies with time and has maximum value. 
1 


E- E max — ^ kx m 


(B) 


Maximum Value of sin(o)t + <p) max = 1 
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Total Instantaneous Energy of SHO 

Total mechanical energy E of SHO at any displacement x is given by adding (1) and (2): 
E = K.E + P.E 


E = -kx^ cos 2 (cot + cp) + -kx/^sir^^cot + cp) = - kx/^lsin 2 (cot + cp) + cos 2 (cot + cp)] 


E = — kxl 


2 
(Q 


From equations A, B & C, we find that: 

(P- E)max = (X- P)max = E 
Hence total energy remains conserved. 

• At the mean position the energy is entirely K.E and P.E is zero. 

• At the extreme position the energy is entirely potential and K.E is zero. 

• At any other position the energy is partly kinetic and partly potential. 

From equations A,B and C , We also note that energy of oscillator is directly 

amplitude of motion. 

Problem: A 0.5 kg cube connected to a spring for which force constant is 20 N/m oscillate on a 
horizontal frictionless track, (a) Calculate total energy of system and maximum speed of cube if 



o° 

s.- 

nal to the square of 


amplitude of motion is 3 cm. (b) Find velocity, Det 
displacement is 2 cm. 


letermine 


ine instantaneous P.E and K.E when 


Given Data: Mass m = 0.5 kg. Force Constant k = 20 N/m, Amplitude x m = 3 cm = 0.03 m 


To Determine: (a) Total Energy E =?, Ma xim um Speed v max =? 

(b) Instantaneous Velocity v =?, P. E =?, K. E =? when x = 2 cm = 0.02 m 


Calculations: (a) E = - kx ^ = 0.5 x 20 X$(0.03) 2 = 9 x 10 3 J 


k |2(KT« m 

V-max ~ (x)X m ~ \~ x m ~ |n"E * — 0.1897- 

m J0.5 s 


'■m 


(b) As v = (* m ) 2 - O ) 2 = J^x V ( x m ) 2 - O ) 2 = J ^ X V (0.03) 2 - (0.02) 2 = 0.1414 


P.E = -kx 2 = 0.5 x 20 x (0.02) 2 = 0.04/ 

i a, y 

K.E = -mv 2 = 0.5 x 0.5 x (0.1414) 2 = 0.005 J 


Problem: 4 mass spring system oscillates with amplitude 3.5 cm. if the spring constant is 250 N/m, and 
mass attached to the spring is 0.5 kg, find (a) mechanical energy of the system, (b) maximum speed of 
system and (c) maximum acceleration of system. 


Given Data: Mass m = 0.5 kg, Force Constant k = 250 N/m, Amplitude x m = 3.5 cm = 0.035 m 


To Determine: (a) Mechanical Energy E =?, (b) Max Speed v max =? (c) Max Acceleration a max =? 


Calculations: (a) E = - kx ^ = 0.5 x 250 x (0.035) 2 = 0.153 J 
(b) v max = cox m = ^x m = |^2 x 0.035 = 0.7826 - 


0.5 


(c) ci max CO x m 


( k\ 250 _ .__m 

— )x m = —x 0.035 = 17.5 — 

mj m 0.5 s 2 
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Show that (K. E) = (P. E) = -E, where E is total energy of SHO 


As kinetic energy at any instant is described by formula: 
1 

K.E = — k.Xm sin 2 (<n t + cp) 

And instantaneous Potential energy is given by: 


P.E = -kx^ cos 2 (m t + cp ) 
Now the average K.E of SHO will be: 


(K. E) = {—kx^sin 2 (cot + cp)) 


(K. E) = -kx^ l (sin 2 (a)t + cp )) 
(K.E) = 1^.(1) 


( K -E) = -kx?n -(a) 


( sin 2 (a)t + cp )) = 


.o 


& 


The average Potential Energy of SHO will be: 


(P. E) = (~kx %j cos 2 (mf + cp )) 


(P. E) = -/cx^j(cos 2 (o)f + <p )) 

1 , 1 
{P.E) = -kx 2 m .- 


(cos 2 (mt 


=> (P■E) = ~kx„ 

Now total energy of oscillator is given 


E = K.E + P.E 


"" o 

is given by 

aU 


$ 


2 S- 






o v 


1 AVI 

E = -kXmSin 2 (oi)t + cp) + -kx^ cos 2 (<nf + cp) 

i nO 

E = -kXmisin 2 (rnt + cp) + cos 2 (<nf + cp)] 



1 7 

2 fcx m 


(<0 


From (a) and (b) 




. E) = (P.E) = -kx 2 


(K.E) = (P.E) = ^kx 2 n 'j 


(K.E) = (P.E) = -E 


v From equation (c) —kx^ = E 


Question. From the expression E = K. E + P. E obtain the expression for velocity for SHO. 


The kinetic energy of SHO is described by formula: 


K.E = -mv 2 
2 
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The instantaneous P.E. of SHO is given by: 

1 _ 

P.E = -kx 2 
2 

The total energy of simple harmonic oscillator is described as: 

P — — kx 2 
u 2 

Total energy of SHO is related to instantaneous P.E and instantaneous K.E as: 


E = K.E + P.E 


1 _ 1 _ 1 _ 
2 kx m = 2 mv + 2 kx 


1 _ 

_ Is y 2 

2 ''"'*'771 


1 _ 1 _ 
— kx = — mv 
2 2 


mr 2 = /tx^i 


v 2 = —(x 
m 


kx 2 


x 2 ) 


mv 2 = if(Xm — X 2 ) 


k 


v = ± m (Xm 


v = ±_/m 2 (xJ 1 


X 2 ) 


V = ±<x) |(x^i — X 2 ) 


2 — X 2 ) 

v For Horizontal Mass Spring S 


This is the expression for velocity of SHO. From this expression we find that velocity is maximum at the 
mean position and velocity is zero at extreme position. 

Problem. A block of mass 4.0 kg is dropped from a height of 0.80 m on to a spring of spring constant 
k = 1960 Nm' 1 . Find the maximum distance through which the spring will be compressed. 



rougnwr 

fm 1 , Mt 


Given Data: Spring Constant k = 1960 Nm 1 , Mass m = 4.0 kg, Height h = 0.80 ms 


,-i 


To Determine: Maximum Distance x 0 =?, 


Calculation: For Present Case: Elastic P. E. = Gravitational P. E. => ^kxo = mgh 


-kx^j = mgh = 


& 


2mgh 2 x 4 x 9.8 x 0.80 

o - —r 5 - =-——-= 0.42 m 

0 k 1960 


Problem. An 8.0 kg body executes SHM with amplitude 30 cm. The restoring force is 60 N when the 
displacement is 30 cm. Find (i) Period (ii) Acceleration, speed, kinetic energy and potential energy when 
the displacement is 12 cm. _ 


Given Data: Restoring Force |F r | = 60 N, when Displacement x t = 30 cm = 0.3 m 
Mass m ®= 8 kg, Amplitude x 0 = 30 cm = 0.3 m 


To Determine: (i)Time Period T =? 

(ii) Acceleration a =?, Speed v =?, K. E. =?, P. E. =? when displacement x = 12 cm = 0.12 m 


Calculations: (i) As Restoring Force |F r | = kx-L => k = — = — = 200 Nm 1 

0.3 

• Time Period T = 2 tt = 2 x 3.14 x — = 1.3 s 

A k \ 200 


(ii) Acceleration a = — —x = — — x 0.12 = —3 ms 

v J m 8 


-2 


Speed v = J^(x 2 -x 2 ) = 


200 


[(0.3) 2 - (0.12) 2 ] = 1.33 ms -1 


K. E. = ^k(Xo - x 2 ) = | X 200 X [(0.3) 2 - (0.12) 2 ] = 7.6 J 
P. E. = ikx 2 = i x 200 x (0.12) 2 = 1.44 J 
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Problem. A car of mass 1300 kg is constructed using a frame supported by four springs. Each spring 
has a spring constant 20000 Nm' 1 . If two people are riding in the car have a combined mass of 160 kg, 
find the frequency of vibration of the car, when it is driven over a pot hole in the road. Assume the 
weight is evenly distributed. 


Given Data: Mass of Car m x = 1300 kg, Mass of Two Persons m 2 = 160 kg, 

Total Mass m = m x + m 2 = 1300 + 1600 = 1460 kg 

Spring Constant of One Spring k' = 20000 Nm -1 , Total Spring Constant k = 4k' = 8000 Nm -1 


To Determine: Frequency f =?, 


:v 


& 


Calculation: As f = - = 

T 




— - 
2u \l m 


2X3.14 


8000 , 

X - = 1.18 Hz 

1460 




Sample Problem 2: The block spring combination is stretched in the positive x direction at distance of 
11.6 cm from equilibrium and released, (a) What is the total energy stored in the spring? (b) What is 
the maximum velocity of block? (c) What is the maximum acceleration? (c) If the block is released at 
t = 0, what are its position, velocity and acceleration at t = 0.125 s? GivenHc = 221 A/m for the 
spring and mass attached to the spring m = 2.43 kg. 


Given Data: Amplitude x m = 11.6cm = 0.116 m, Spring Co 



— 221 A/m, Mass m = 2.43 kg 


To Determine: (a) Total Energy E =? (b) Maximum Velocity v max =?, (c) Maximum Acceleration a max =? 
(c) Position x =?, Velocity v =?, Acceleration a =? At t = 0.125 s 

"calcuiationsTca 

(b) As ( K.E) max = E => = 1.49 


(c) As a r 


= U) Z X- — 


221 


m m Xm 2.43 X °- 



2X1.49 2X1.49 „ „„ . „ „ „ m 

-=-= 1-226 => V max = 1.11 - 

m 2.43 max s 


10.55 


(d) As x — x m cos cot = x m cos —t£ 0.116 x cos I x 0.215 I = 0.116 x cos(2.05 rad ) = —0.0534 m 


k >r 


As n = —u)x m sin cot = — \—x m sin[ /— t) = 


1221 x 0.116sin( I— x 0.215 rad) = -0.981- m 


As a = — co 2 x — 


= -( 9 . 


.53) 2 (—0.0534) = 4.85- 


Sample Problem 3. The block of block-spring system of sample problem 1 is pushed from 
equilibrium by an external force in the positive x direction. At t = 0, when the displacement of the 
block is x = 0.0624 m and its velocity is v = 0.847 the external force is removed and the block 
begins to oscillate. Write an equation for x(t) during the oscillation. 


N to d 

Given Data: From S.P. 1 Mass m = 2.43 kg , Spring Constant k = 221— ,a> = 9.53 — 

At t = 0, Displacement x = 0.0624 m, Velocity v = 0.847 y 

To Determine: Equation for x(t) = x m cos (cut + cp) -(1) x m =?, <p =? 

Calculations: As E = K + U => ^ kx ^ = |mv 2 + ^kx 2 => kx ^ = mv 2 + kx 2 => = ^-v 2 + x 2 
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jm~ 2.43 

=^>x m = I—v 2 +x 2 = |' 22 Y (0-847) 2 + 0.0624 2 = 0.1085 m 

To find phase (p Consider x(t) = x m cos(mt + cp ), At t = 0 x(0) = x m cos(o> x 0 + cp) 

x(0) 0.0624 


x(0) = X m COS (p => COS (p = 


x m 0.1085 

Equation (1) becomes: x(t) = 0.1085 cos[(9.53 X t + 54.9) rad] 


cp = cos 1 (0.5751) = 54.9 rad 


Application of SHM 

(1) The Torsional Oscillator (Pendulum) 


“Torsional oscillator consists of a disk suspended by a wire attached to the center of mass of the disk. The 


other end of a wire supporting the disk is fixed to a rigid support.” 

When the disk is in equilibrium, radial line is drawn from its centre to point P on its rim as shown. If 
the disk is rotated in a horizontal plane such that line OP moves to the new position OQ , the wire will be 
twisted. 

The twisted wire exerts a restoring torque on the disk which tends to bring the reference line back to 
its mean position. For small twist the restoring torque is given by 


Txe 

=> T = -kd -(1) 

where 9 is angular displacement and k is constant of 
proportionality. Its value depends on the nature of suspension wire. 
It is called torque constant. The negative sign shows that the torque 
is directed opposite to angular displacement 6. According to 


1|m 

clamp 


angular form of newton’s 2 nd law: 

T = la -(2) 

From (1) and (2) 

— k9 = la 


-kQ = /=-? 

dt 


d 2 e 

dt 2 


s 


ep 


acement 



The torsional oscillator. The line drawn from 0 to P 
oscillates between OQ and OR. sweeping out an angle 2B m . 
where 8 m is the angular amplitude of the motion. 


a = 


a 2 e 

dt 2 


kO 

T 


(3) 


Equation (3) represents angular S.H.M. This equation is similar to linear S.H.M given by: 

.(4) 



x k 

, , =-X 

dt 2 m 


In equation (3) and (4) 

x corresponds to 9. 
m corresponds to /. 
k corresponds to k. 

Therefore, the solution of equation (3) can be written as: 

9 = 9 m cos(a>t + <p ) 

where 9 m is maximum angular displacement and o> is angular frequency. 
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O) 


Time Period. The time period is given by 

17 

T = 2n 

The torsional oscillator is also called torsional pendulum. 

Uses of Torsional Pendulum 

• It is often used for time keeping e.g in the balance wheel of a mechanical watch in which the restorin 
torque is provided by a spiral hair spring. 

It was used in Cavendish method to find the value of ‘G’. 


g 


(ii) The Simple Pendulum. 



“A simple pendulum consists of a point mass suspended from a frictionless support by a light, 

inextensible and cord (string).” 

The point mass which is a small metallic sphere is called bob of the’pendulum. When the bob is 
displaced to one side of its mean position and released, the pendulum begins to 
oscillate in a vertical plane under the action of gravity. The motion of the pendulum is 
periodic and oscillatory. 

Figure shows a pendulum of length L and mass m in the displaced position. 

Let x and 9 be the linear and angular displacements. The forces acting on the 
pendulum in the displaced position are 

(a) Weight mg of the bob acting vertically downward and 

(b) The tension T in the string upward. 
mg cos 9 and mg sin 9 are the rectangular components of weight along the string and 1 to it. 

• mg cos 9 is along the radius L and is called radial component. 

• mg sin 9 is along the tangent to arc and is called tangential component. 

As there is no motion along T and mgcos9 so they remain equal. So they cancel away. The only force on the 
pendulum is mgsin9 which bring it back and so is the restoring force. 

F = —mg sin 9 -(1) 

where negative sign shows that the restoring force F is opposite to the direction of increasing 9. It should be 
noted that restoring force is proportional to sin 9. So motion is not S.H.M. For S.H.M 9 should be very small 
(< 5°).If 9 is quite small then sin9 ~ 9 and motion becomes S.H.M. 

F = —mg9 

Now displacement of the bob along the arc is given by 

x = L9 v S = r9 

x 

~ e = i 

So the equation (1) becomes 


cos 0 
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F = —mg 

mg 


X 

L 

mg 


( 2 ) 


Since — = Constant for a given pendulum. So force F is proportional to displacement and oppositely 

directed which is the necessary condition for a body to perform S.H.M. In case of mass attached to a spring 
the elastic restoring force is given by 
F = -kx -(3) 

Comparing (2) and (3) 
mg 


-kx = 


k 


x 


mg 


■O 




(4) 


Now time period of the object attached to a horizontal mass spring system is: 


m 

T = 2 Nt 


From (3) 


T = 2n 


& 




o v 


This shows that time period of a simple pendulum is independent of mass and amplitude. 
Uses 

• We can find the value of g by simple pendulum. 

• We can find the length of wire. 


to ±IJLV_iWpC/II' 


Problem: Find the frequency of second pendulum. 


Given Data: Time Period of Second Pendulum T = 2 s 


To Determine: Frequency of Second Pendulum / =? 


Calculations: / = - = 0.5 Hz 

1 2 


Problem: A simple pendulum is 50 cm long. What is frequency of vibration? 








Given Data: Length of Second Pendulum l = 50 cm = 0.5 m 


To Determine: Frequency of Second Pendulum / =? 


Calculations: / = 


2n \ l 


2X3.14 \ 0.5 


= 0.7 Hz 


Problem: What should be the length of a simple pendulum whose period is 1 s at a place where 
g = 9.8 ms' 2 ? What is the frequency of such pendulum? _ 


Given Data: Time Period T = 1 s, Gravitational Acceleration g = 9.8 ms 


-2 


To Determine: Length of Pendulum l =? , Frequency f =? 


Calculations: For Simple Pendulum T = 2nJ^ => T 2 = 4tt 2 ^ 
As Frequency f=i = i= lHz 


, gT 2 9.8x(l) 2 nor .„ 

L = —- = —--— = 0.25 m 

4 It 2 4x(3.14) 2 
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Problem: A simple pendulum is 50.0 cm long. What will be its frequency of vibration at the place where 
g = 9.8 ms“ 2 ? 


Given Data: Length of Pendulum l = 50 cm = 0.5 m, Gravitational Acceleration g = 9.8 ms' 


To Determine: Frequency f =? 


Calculations: For Simple Pendulum f = - = 


2 ”l 


— - 
2n\ l 


2X3.14 


X 


= 0.51 Hz 


(iii) The Physical Pendulum. 


“Any rigid body which can swing in a vertical plane about some axis passing through it 

is called physical pendulum.” 

Figure shows a rigid body of an irregular shape pivoted about a horizontal frictionless axis passing 


through P displaced from the mean position at an angle 9. 

The rigid body is in equilibrium. When center of mass ‘c’ 
of the body lies vertically below P then distance of P from the 
center of mass ‘c’ is ‘d’. 

In the displaced position weight mg acts vertically 
downward at an angle 9 with vertical. The restoring torque on the 
pendulum in displaced position is: 


■O 


merit arm ) 


A' 


t = (weight of pendulum) x ( moment i 
r = —mg x d sin0 
r = —mgd sin 8 - 

As the restoring torque is proportional to sin 9 and not to 



A physical pendulum. The center of mass is at C, 
and the pivot is at point P. The pendulum is displaced by an 
angle 8 from its equilibrium position, which occurs when C 
hangs directly below P . The weight A/g provides the restoring 
torque. 


6. So motion is not S.H.M. So for S.H.M 9 should be quite small, then sin9 

r = —mgd{9) -(2) 

Restoring torque is also given as ~ 

r = — k9 -(3) 

From (2) and (3), we have: 


9. Equation (1) becomes 


—k9 = —mgd9 


\ 

- — mgd 

Now firhe period T of physical pendulum, in comparison with the time period of mass spring system, is given 
by: 


ow time 




T = 2n 


mgd 


(4) 


This gives the time period of physical pendulum. 
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Determination of Moment of Inertia of a Rigid Body 

Now squaring both sides of equation (4) we get 


T z = 4n z 


I 


I = 


mgd 

mgdT 2 

4n z 


(5) 


Equation (5) gives the rotational inertia of physical pendulum. 

Simple Pendulum is a special case of Physical Pendulum 

The simple pendulum is a special case of physical pendulum in which a light string holds a sing] 

— T 'TV 


particle. If the body is suspended by a long weightless string of length L then / = mL 2 
equation (4) becomes: 


jV> JC 

and d = L. The 


T = 2n 


I mL 2 
mgL 


T = 2n 


( 6 ) 


which is the time period of single pendulum. 

Equivalent Length of Simple Pendulum 

If the mass of a physical pendulum were concentral 
simple pendulum will have the same time period 
and (6), we have: 



O 


itrated at dist 




o v 


istance L from the pivot then the resulting 
ihysical pendulum. So comparing equation (4) 


L = 


md 


3 $ 


G 


This means that mass of physical pendulum may be connected at a point O distance L = — from the pivot 
point P. The point is called centre of oscillator of the physical pendulum. 

Sample Problem 4. A thin uniform rod of mass M = 0.112 kg and length 1 = 0.096 m is suspended 
by a wire that passes through its center and is perpendicular to its length. The wire is twisted and the 
rod set oscillating. The period is found to be 2.14 s. When a flat body in the shape of an equilateral 
triangle is found to be 5.83 s. Find the rotational inertia of the triangle about this axis. _ 


Given Data: Mass of the rod M = 0.112 kg, Length of the rod L = 0.096 m 


Time period of the rod Trod — 2 .14 s, Time period of triangular body T t 


triangle 


= 5.838 s 


To Determine: Rotational Inertia of triangular body 7 i 


triangle 


— 1 


Calculations: As I rod = 


ML 2 _ 0.112X0.096X0.096 
12 _ 12 


= 8.60 x 10 is kgm 


As we know that T = 2n \—.This implies 


Trod 

| ^rod . i 

( T rod \ 

2 / 

i 1 rod 

Ttriangle A 

I triangle 

\ Ttriangle ) 

Itriangle 


Itriangle 


! rod 


^triangle J 


\ 2 /5.83\ 2 

1 (Irod) = [jTi) X 8 ' 60 X 10 = 7 ' 422 X 8,60 X 10 = 63,8 X 10 " 


D kgm 2 
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Sample problem # 5: A uniform disc is pivoted at its rim. Find its period on small oscillations and the 
length of the equivalent simple pendulum. 

To Determine: Time period of physical pendulum T =?, Length of Equivalent Simple Pendulum L =? 

MR 2 

Calculations: Rotational inertia of the disk about axis through its center is I cm = —— 

Rotational inertia about an axis at the rim is obtained by using parallel axis theorem I = I cm + MR 2 

MR 2 , 3 

=> I = -+ MR 2 = -MR 2 

2 2 


Time period of physical pendulum with d = R is given by T = 2n 


I „ 3 MR 2 

-= 2n -- 

MgR s\2MgR 

The length of equivalent simple pendulum is given by L = — = = - MR 2 X — = ^R 

Sample problem # 7: The period of radius 10.2cm executing small oscillations about a pivot its rim is 
measured to be 0.784 s.Find the value of ‘g’. 


Given Data: Radius of disk R = 10.2 cm = 0.102 m, Time period of disk T 

= 0.784WV 

l j 

To Determine: Gravitational Acceleration g =? 



Calculations: As time period of disk is given by T = 2n 

| h T2 = 4 " 2 S 


6 x 3.14 x 3.14 x 0.102 n on m 
^ 9 ~ 0.784x 0.784 9-82 ^ 


0 

S.H.M and Uniform Circular Motion 


Consider a particle is revolving in a circle of radius R with constant angular velocity a). At t = 0, the 
radius vector OP makes and angle cp with x-axis. < p is called initial phase or phase constant. At later time t, the 
radius vector OP makes an angle (mf + 0) wi 

Draw perpendicular PQ from point P on x-axis. The projection of OP along x-axis is called 

_ 

x-component of radius vector OP is described by formula: 

x(t) = R cos(rnt + 0)-(1) 

We see that as the particle 
P moves along the circle, its 
projection Q perform S.H.M on the 
diameter along x-mds. The 
tangential velocity of the particle P 
moving in a circle is described by 
formula v = R(jo. The velocity of Q 
is the x-component of velocity of P, 
which is obtained by time 
derivative of equation (1): 




0)t + ♦-r- 1 

\v 



x r 

/ ! 

/ 

/ ' i i 

i o 

vAt) p- i 

\ 

\ 

\ 

\ 

/ 

/ 

/ 

‘ / 
y 

✓ 

(O 





S' 0 

/ 

/ 

/ 

/ 

1 


/i\ 

i o 

\ 

\ 

\ 

\ 

\ 

\ 

x(t) *P- j 

/ 

/ 

/ 

/ 

(b) 


S' 

/ 

/ 

/ 

1 <»« + ♦ — 
1 

'"/f 

/|\ 

\ 0 

Ojt) r I 

■ \ 

/ 

/ 

\ 

\ 

\ 

(d) 

/ 

y 


(a) A point P moves at a 
constant speed in a circle of radius R. 
The reference line makes an angle <t> 

. with the x axis at /« 0. The projection 
P' on the x axis executes simple har¬ 
monic motion. ( b ) After a time t, point 
P has rotated through an additional 
angle (ot. (c) The velocity of P and its x 
component, which represents the veloc¬ 
ity of P’ in simple harmonic motion. 

( d) The acceleration of P and its .t com¬ 
ponent. 


v x (t) = ^ [x(t)j =^[R cos(mt + 0)] 
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=> v x (t) = —Rco sin (rut + 0)-(2) 

The centripetal acceleration of P is given by a{t) = Ra) 2 which is directed towards the center of the 
circle. The acceleration of Q is the x-component of acceleration of P, which is obtained by time derivative of 
equation (2): 

d d 

a x (0 = b*(t)] = ^7 [~ R u Sin(mf + 0)] 

=> a x {t) = — Rco 2 cos(cnf + 0)-(3) 

We can also show that projection of P on y-axis also performs S.H.M. The projection of P along y-axis is M. 
Now the projection of radius vector OP along y-axis or y-component of radius vector OP is given by 

y(t) = R sin(mf + 0)-(4) 

The velocity of projection M is given by 

v y { f) = R cos(cot + 0)-(5) 

The acceleration of projection M is given by 

a y {t) = —Rco 2 sin(mf + 0)-(6) 

Superposition of two perpendicular SHMs having same Amplitude and Phi 

Squaring and adding (1) & (4) we get: 

x 2 + y 2 = R 2 cos 2 {cot + 0) + R 2 sin 2 {cot + 0) 

=> x 2 +y 2 = R 2 ( 1) 

=> x 2 + y 2 = R 2 - (a) 

which is equation of circle. Thus the superposition of two 



endicular SHMs having same phase and 


amplitude will result in circular motion. Now squaring and adding (2) & (5) we get 


v x 2 + v y 2 = R 2 co 2 cos 2 (rnf + 


+ R 2 co 2 sin 2 {cot + 0) 



+ a v 2 = R 2 co 4: { 1) = R 2 co 4 


So from the above discussion we conclude that 

“The circular motion is combinations of two identical SHM acting perpendicular to each other. 
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Sample problem # 8: Consider a body executing a horizontal 
simple harmonic motion. The equation of that motion is x = 
0.35 cos(8.3t) where x is in meters and t in seconds. This motion 
can also be represented as the projection of uniform circular 
motion along a horizontal diameter, (a) Give the properties of the 
corresponding uniform circular motion, (b) From the motion of 
reference point determine the time required for the body to come 
halfway in toward the center of motion from its initial position. 



Sample Problem 8. The radius OP moves from 
<0 — 0 at / — 0 to cot » 60* at time t. The projection P' moves 
correspondingly from x — R to x — R/2. 


Given Data: Equation of motion of SHO: x = 0.35 cos(8.3f)-(1) 

- 

To Determine: (a) Properties of the corresponding uniform motion =? t. e R =? 

(b) Time required for the body to come half way t =? 

■ 4>= ? 'tr 

Calculations: (a) As we know that x = R cos(cot + 0)-(2) 

Comparing (1) and (2), we have: R = 0.35 m, 0 = 0° and co = 8.3 

(b) As the body moves half way in, The angle covered 6 = 60° = |rac? 

? 

V 

Now as0 = a)t=>f = — = - x — = - x — = 0.13 s 

to) 3 a) 3 8.3 



4.Combination of Harmonic Motion (Lissajous Figures) 


’ When a particle is subjected to two SHMs at right angle to each other, the paths traced by the particle are 

called Lissa jous figures. 

So the phenomenon of Lissajous figures arises duetto the superposition of two S.H.Ms at right angle to each 
other. Let us consider two simple harmonic motion along x and y-axis having same frequencies but different 
amplitudes. They are given as 

x = a sin(mt + cp) along x —axis-(1) 

y = b sin cot along axis-(2) 


From (1): 
From (2): 


X 

- = sin(mt + 0) 

a A/V, 

x 



sin(mf)- 

As cos cot = V1 — sin 2 cot => cos cot 
The equation (3) takes the form: 


- = sin cot cos 0 + cos cot sin 0 

CL 


(4) 


(3) 


= 1 - 


yZ 

b 2 


x y I y * 1 - 

- = -cos0 + 1 — -^sin0 

a b , b A 


x y 

- —cosd> = 

a b 


yZ 

1 — —rsincp. 


Squaring both sides we get 
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y 
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x* yZxy y* 

=> —=■ + —rrCOS d) -— COS 0 = Sin 0 — -^-Sin 0. 

a 2 b z ab b z 

x 2 y 2 y 2 _ 2xy 

=> ^- + —rrcos z 0 + —rsin z 0-—cos 0 = sin z 0. 

a 2 o 2 o 2 ab 


a‘ 


y 2 2xy 

+ —r(cos 2 0 + sin 2 (p )-—cos 0 = sin 2 (b 

b z ab 


cos 2 cp + sin 2 <p = 1 


x 2 y 2 2xy 

=> —t + —r-— cos 0 = sin 2 0-(5) 

a 2 b z ab 

This is the general equation of Lissajous figure in xy-plane 
Special Cases: Let us now consider some special cases: 




y 


Ap 


/45» 1 

/ 

/ 

/ 

/ 

/ 

/ 

ymlxm * 1 

0 jtm 

0* = by 


(a) 


y 



/63 5» 

/ 

0 Xm 

/ 

/ 

/ 

/ 

ymlxm = 2 


(b) 


y 


\ 

N 

\ 

W. 

' I 3 

/ 

/ 

/ 

i 

\ 

0 yim 

\ 

/ 

\ 


-J 


ym’xm — 1 

= 0, + ^ 


t c) 





Combinations of simple 
harmonic motions along two perpen¬ 
dicular directions. Each figure shows 
the motion of point P when the ampli¬ 
tudes and phases of the motions have 
the indicated relationships. The x and 
y motions have equal frequencies. 


(e) 


y 


y 



(i) 


When 


4» = 0 Then e 


x" y“ 2xy 7 

- 1 -—.- —- = 0 

a 2 b 2 ab 

A y \ 2 

(a~l) -°- 


quation (3)becomes 


x y 

— T =0 
a b 


4 

b /b\ 

This is the equation of a straight line AB of slope - inclined to + ive x — axis at an angle 0 = tan - 

a \a / 


x y 
a b 


(ii) When 4> = it, then equqtion(3)becomes 


x 2 y 2 2xy 

- + ---A(-V = ° 


a 


b‘ 


ab 


x 2 y l 2xy 

- + 7 — + ^- = 0 


a z 


ab 


/x y\ 2 x y 

(- + 0 =o^- + £ = o 

Vr a b 
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x y 

a b 

b 

or y =- x 

CL 

This is the equation of a straight line of slope — ^ inclined to — ive x — axis at an angle 0 = tan -1 ^ 

IT 

(iii) When 0 = — ,then equation (3)becomes 

x 2 y 2 2 xv 

^ + p-isr (0) = 0 

x 2 y 2 

=> — + TT - 1 

a 2 b z 


■O 


& 


This is the equation of an ellipse having major axis = 2a(if a > b) and minor axis = 2b. 

• If a = b, then x 2 + y 2 = a 2 which is the equation of a circle of radius 'a' in the xy — plane. 


TT 

(iv) When 4> = — ,then equation (3)becomes 
4 

x 2 y 2 2 xy 1 1 
a 2 b 2 ab y/2 2 


This is the equation of an oblique ellipse. 

So 

‘’When a particle is subjected to two simple harmonic motion at right angle to each other the particle may 


move along different paths. Sue i 


i ch paths a, 






o 


are called Lissajous figures. ” 


Damped Harmonic Oscillator 


If an oscillator moves in a resistive medium, its amplitude goes on decreasing. So energy of the 

rinst the re sistan c 


oscillator is used in doing work against i_ 

to be damped. The damping force or the 
resistive force F r is proportional to the velocity 
of the oscillator. 


ice of the medium. The motion of the oscillator is then said 


F r oc x 
=*F r = 

• is called the damping 


o* 




r 


k 

-vOGQOQOOO + 

m 


n.. J 




J , 

—raw -J 


when y is called the damping co-efficient. So 
3ed oscilla 


for the damped oscillator, these are two forces 
acting on it i.e (i) Elastic Restoring Force, 

(ii) Damping force. Thus the equation of motion of damped oscillator is given as: 
F = F e + F r where F e is the elastic restoring force 
=> F = — kx — yx 
=> mx = —kx — yx 

k y. 

=> x =-x-X 

m x 


A representation of a damped harmonic oscillator. 
We consider the oscillating body (of mass m) to be attached 
to a (massless) vane immersed in a fluid, in which it experi¬ 
ences a viscous damping force -bv. We do not consider slid¬ 
ing friction at the horizontal surface. 


k 

x H-x 

m 


-x = 0 
x 
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k y 

Let — = (ox and —= 213 
m m 

=> x + (o 0 2 x + 2/3x = 0-(1) 

This is a linear second order homogeneous differential equations. To solve this equation, we put: 

x = e + ^ -(a) 

x = le 


and x = /r 2 e Mt . 

Equation (1) becomes 

g 2 e Mt + 2/?ge Mt + o> 0 2 e Mt = 0 

=> + 2/3[i + o) 0 2 ) = 0 

=> ^ 2 + 2/?g + (O 2 = 0 ••• ■=/=■ 0 

It is a quadratic equation in g, therefore: 

-2/? ± V4/? 2 - 4co 0 2 


O 


& 


li 




-2p ± 2^ 


(Or 


g = 2 




2 - co 0 2 


B 


= ~f3±JW 


(Or 


i 7 






o v 



Let gi = — /? + ^p 2 — o) 0 2 and g 2 = — /? — -J P 2 — (o 0 2 
Therefore due to two values of ‘g'< we get two solutions from equation (a) 
x 1 = Ae^ and x 2 = Be^ zt 

The complete solution of equation (1) is then sum of x x & x 2 
x = x 1 + x 2 
=> x = Ae Mlt + Be^ 
where A, B are constants to be determined. Putting the values of and g 2 , we get: 

x = i 4g( _ ^ + ^ P 2 ~ M o 2 ') t _|_ g e ( _ / J_ V P 2 -‘>>o 2 ) t 

This is the general solution of equation (1). It is clear that for oscillating motion, the damping force should be 
less than restoring T e a> 0 2 > p 2 . The above solution takes the form: 

)t 


4 


x = i4e (-/5+V-c uo 2 -P 2 ))t + Be (-/W(-"o 2 -/? 2 )> 

x = Ae {-k +i 'P“o 2 -P 2 i)t + Be (-P-^tu 0 2 -p 2 j)t 


^x = Ae-f >t+Uot + Be-f >t - Uot J((o 0 2 -p 2 ) = a) 

=> x = Ae~^ 1 .e iu>t + Be-P 1 .e~ io)t 
=> x = e~P t (Ae ia>t + Be ~ ia>t ) 

As x is real, so R. H. S must be real. This is only possible when A and B are complex conjugates i. e., 
A = a + ib8iB = a — ib. So the above equation becomes: 
x = e~^ t [(a + ib)e lcot + (a — ib)e~ lcot ]. 
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x = e P t [ae ia)t + ae io>t + ibe io>t — ibe 

,iu>t _ 


x = e /?t [a(e ia)t + e i6Jt ) + ib(e ia “ — e 


x 


= p~Pt 


gicjt g-iu>t 


x = e 


-pt 


2 a 


( giojt g-iojt 

- 2 - 


+ 2 i 2 b 


giu>t _ g-iu)t 

2 i 


2b 


gia)t _ g-icot 


2 i 


Now 


y ---J = cos u)t and y -—-J = si 


sin u)t. Therefore, 


x = e ^ (2a cos ait — 2b sin rot) 


Let 2a = x 0 cos 0 , 2b = x 0 sin 0, where x 0 = V4a 2 + 4b 2 = y/4 (a 2 + b 2 ) = 2yJ (a 2 + 




b b 

and tan 0 = — => 0 = tan 1 -. The solution takes the form: 

Cl Cl 

x = e -^(x 0 cos 0 cos ait — x 0 sin 0 sin ait) 

=> x = x 0 e~^(cos 0 cos ait — sin 0 sin ait) 

=> x = x 0 e ~P t cos(ait + 0) 


Suppose (3 = — where T is called the relaxation time. It Isthe time during which amplitude 


# 

is?, 


& 


drops to - of its initial value. Therefore, 

_ t_ 

x = x 0 e 2 f cos(o it + 0) 

This is the solution of equation (1). It describes 


VvV 

s the motion of dan 

_ 




amped harmonic oscillator. 


Parameters of Damped Harmonic Oscillator 


Amplitude: The amplitude of the damped oscillator is given by: 

. ^<fj 

A = x 0 e~2t 

We find that amplitude goes on decreasing exponentially 

with time t due to the factor e at. Figure shows that 
variation of amplitude with time. 

Frequency 

The frequency of the oscillator is given by, 

v » 

f ~2i 

>„ 2 - + , , 

=> f = -^" = V"o 2 - P 2 



plotted against the time t with the phase constant <f> taken to 
be 0. The motion is oscillatory, but the amplitude decreases 
exponentially with time. 


This shows that the frequency of the damped oscillator is somewhat smaller than the undamped oscillator. For 
weak damping, the frequency is nearly the same as that of undamped. 

Energy of Damped Harmonic Oscillator 

Consider a damped oscillator whose vibrations are counted from the mean position (0 = 0). The damped 
instantaneous displacement of damped oscillator is described as: 


x = x 0 e 2 cos ait 


••• 0) = V"o 2 - P 2 
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For weak damping, a> = a> 0 , when (3 2 = 0. Therefore, yo> 0 2 — /? 2 = o> 0 because /? «. 
So the above expression becomes 


x = x n e 


cos a> 0 t 


Now average K. E over one period is given by: 


2 a2 


< K >= -ma) n A 
4 


>< K > = -m(jL> 0 x 0 e 


■■■ A = x 0 e ( 27 ) is the amplitude 

-(a) 


=>< K > = -ma) 0 2 x 0 2 e t - 

4 

Now average P. E over one period is given by: 


< U > = -ma) n 2 A 2 . 
4 


=>< U > = -ma) 0 2 x 0 2 e t - 

Therfore average total energy over one period is 
< E > =< K > +< U > 


1 _i 1 _i 

X E > = -ma) n 2 x n 2 e T + -ma) n 2 x n 2 e t 
4 4 


.0 


& 


C b ) 


><£■> = -ma) 0 2 x 0 2 e t 


(c) 


From (a), (b) and (c), we find that < K >,< U > 
putting mo) 0 2 = /t (the spring constant)an 


1 9 -1 

< E > = -kx m 2 e t 




E > d eci 






o v 


lecreases exponantially with time. Now by 
m ( amplitude ), the equation (c) takes the form: 


1 _ J_Y y 1 

>< E > = - kx m 2 e m 2f3 = — = 

? rn 

>< E > = ^ 


If y = b = dampi 


\kx m 2 e-^) e 
ing coeffi 


cient, then 


1 

< E > = -x m 2 e (m) 

This is the expression for average energy of damped harmonic oscillator. 

Sample problem # 9. In damped oscillator m = 250 g,k = 85N/m and b = 0.0070 kg/s. In how 
many periods of oscillations, will the mechanical energy of the oscillator drop to half of its initial value. 


Given Data: m = 250 g = 0.250 kg,k = 85 N/m,b = 0.0070 kg/s 


To Determine: Periods of Oscillations in which the energy of oscillator become half n =? 


Calculations: Period of Oscillation T = 2tc - = 2 x 3.14 — = 6.28 x 0.054 = 0.34 s 

yj k -y 85 

1 f^£) 

The energy of damped oscillator: E(t) = -kx m e Vm7 
The initial energy of oscillator is: E( 0) = -^kx m z 
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According to statement: F(t) = ~£(0) => jkx m 2 e ») = ^Q/cx m 2 ^ => e ^ => = 2 

bt m 0.25 

=> — = ln(2) => t = ln(2) — =-x 0.693 = 2.5 s 

m y J b 0.070 

t 2 5 

Now the number of cycles are given by: n = - = = 7.4 

So after 7.4 cycles of oscillations, the mechanical energy of the system drop to one half of its initial value. 


Forced Harmonic Oscillator 


A damped harmonic oscillation under the action of a periodic force F p = F m sin cot is called forced h 


armonie 


o v 


oscillations. The examples of forced harmonic oscillations are: 

• A bridge vibrating under the influence of marching soldiers 

• The ear drum of a person vibrates due to periodic force of sound waves 

Let us consider a damped harmonic oscillator under the action of periodic force F p = F m sin cot, where <u 
is the frequency of applied force and F m is the maximum value of external force. The total force on the 
oscillator is given as: 


F — F e + F r + F p 

where F e = —kx, F r = —yx , 

=> mx = —kx — yx + F m sin cot 

_ .. , k , Y . Fm . 

m m m 

_ .. , Y . , k F m . . 

m m m 

Y k 

Let — = 2 B and — = co 0 2 
™ m 



al force. The 


in cot 




F m 

x + 2 Bx + a> n 2 x = -^-sincot 
A t)\y 


(i) 


It is linear and non-homogeneous differential equation. To solve this equation, we change the variables x into 
a complex variable X such that x is the imaginary part of complex variable X. The above equation takes the 
form: 

j •' 

Frr 
m 



2 4 

oj n x = —sincot 


+ 2pX + cj 0 2 X 


m 


( 2 ) 


icot 


Let A = x m e 
X = io)x m e la>t 
X = (tco) 2 x m e l0>t 


X = — orx m e 


ia)t 


Equation (2) becomes: 


—(jL) 2 x m e l0>t + 2/?tcox m e ia)t + co 0 2 x m e 1&)t = — e l 

m 
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- 0 ) 2 x m + 2 pia)x m + 0 ) 0 2 x m = — 

m 


x m [(a) 0 2 — co 2 ) + 2 i/3co] 


m 




1 m 
m 


m (co 0 2 — a) 2 ) + 2i(3co 
Multiplying and dividing R. H. S by ( co 0 2 — co 2 ) + 2i/3co 

%rn 


1 m 

m 

(oo 0 2 — co 2 ) — i2/3co 

(co 0 2 — CO 2 ) + 2i/3co 

( co 0 2 — co 2 ) — i2f3oo 


F m \ [Q 0 2 ~ ^ 2 ) ~ 

(co 0 2 — a) 2 ) + 4/3 2 co 2 
F m \ [(co 0 2 - co 2 ) - i2fioo\ 


= P) 

= (-) 


.o 


& 


j(co 0 2 — a) 2 ) 2 + 4(3 2 co 2 X V(uj 0 2 — co 2 ) + 4/? 2 o> 2 


Xrn 





\.m) 


( co 0 2 — co 2 ) — i2/3co j 

VOu 2 - 

co 2 ) 

\m) 

+ 4 p 2 co 2 

-VOAj 2 — co 2 ) 2 + 4/3 2 co 2 \ 

\ ("o 2 - ^ 2 ) 

V("o 2 - 

co 2 ) + 4 (3 2 co 2 

Le 

\/0V - " 2 ) 2 + 4f}' 2 a) 2 

(^ 0 2 -4> 2 ). 

t __ 




o v 


i — 2/3co 


-\J (u) 0 2 — co 2 ) 2 + 4/? 2 <u 2 . 


J(m o 2 t m' 0 2 4r ; 

-2fio> 
yJ{(o 0 2 -a ) 2 ) 2 + 


and 


The above expression becomes: 

<F 


Xtri 


fi 


o 


4 /? 2 <u 2 


2/,\2 


= COS 0 


= sin 0 


(a) 

(b) 




j(co 0 2 — co 2 ) 2 + 4/? 2 a) 2 
\mj 


yj(co 0 2 — co 2 ) 2 + 4/3 2 co 2 


cos 0 + isin0) 

(e l< ^) v cos 0 + isin0 = e l< ^ 



This is the solution of complex equation (1). As x is imaginary part of X. So the solution of equation (2) is the 
imaginary part of solution of equation (2). Therefore, 

(—) 

X = m sin (ait. + 0) 


yj (c0 o 2 ~ Cl ) 2 ) 2 + 4(3 2 C0 2 
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x = 


mV(w 0 2 — a) 2 ) 2 + 4/? 2 m 2 


sin(a)t + 0) 


x = 


yjm 2 (a) 0 2 — at 2 ) 2 + 4 p z a) 2 m 2 
Putting jm 2 ((jL) 0 2 — oj 2 ) 2 + 4/? 2 <n 2 m 2 = G 


sin(mt + 0) 


x = — sin(mt + 0) 
G 


( 3 ) 


This is solution of equation (1). The phase constant 0 is given by: 

/sin0\ 

tan0 = - 

\COS 0/ 

. /sin0\ 

=> 0 = tan --) 

Vcos 0/ 

Putting the values of sin 0 and cos 0 from equations (a) and (b), we get: 

— <J) 2 ) 2 + 4/? 2 6J 2 ’ 


.o 


& 


0 = tan 1 1 


-2/?<u 


,V(^o 2 — u) 2 ) 2 + 4/? 2 m 2 
/ -2/?cu \ 

* = tan " 


: X ■ 


(UJ 0 2 - CU 2 ) 


where cu 0 is the natural frequency and cu is the frequency of driving force. 


Resonance Phenomenon 


ly under tl 



$6 




& 


Resonance is the increase in the amplitude of a vibrating body under the action of a periodic force whose 
frequency is equal to the natural frequency of the body. So, for resonance o> = <n 0 . So the amplitude in 




The amplitude F m /G of a forced oscillator as the 
angular frequency a>" of the driving force is varied. The three 
curves correspond to different levels of damping, the smallest 
damping giving the sharpest resonance curve. 


there is no damping i.e., y = 0. 

But y can’t be zero. So due to damping, the amplitude never become oo. In the figure shown, we have three 
curves which shown the variation of amplitude with ratio of —. It is clear that 


to 


(i) When — = 1 and damping is smallest, then curve is sharp and amplitude is maximum. 
to 0 

CO 

(ii)When — > 1, and damping increases, the amplitude decreases and curve becomes wider. 
m 0 
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Wave Motion 

Wave motion appears in almost every branch of Physics. Surface waves on bodies of water are commonly observed. 
Sound waves and light waves are essential to our perception of the environment, because we have evolved receptors 
(eyes and ears) capable of their detection. In the past century, we have learned how to produce and use radio waves. We 
can understand the structure of atoms and subatomic systems based on the wavelike properties of their constituent 
particles. The similarity of the physical and mathematical description of these different kinds of waves indicates that 

wave motion is one of the unifying themes of Physics. 




19.1 Mechanical Waves 


“The waves which require a material medium for their propagation are called mechanical waves”. 

Mechanical waves are of two types. 

(i) Transverse waves 

(ii) Longitudinal waves 

The waves in which particles of the medium vibrate perpendicular to the direction of 
propagation of waves are called transverse waves. When a string is tied to a hook from one end and 
the free end is displaced up and down then transverse waves are produced. The disturbance moves 
along the string but the particles vibrate perpendicularly to the direction of propagation of 
disturbance. Water waves are also transverse in nature. 

The waves in which particle of the medium vibrate along the direction of propagation of 
waves are called longitudinal waves. For example, when a spring under tension is made to vibrate 
back and forth at one end, a longitudinal wave is produced. The coils of spring vibrate back and forth 
parallel to the direction of propagation of disturbance. Sound waves in a gas are longitudinal waves 


or compressional waves. 


lagation < 


19.2 Traveling Waves 


id othei 


The waves which transfer energy from one point to another moving away from source of 
disturbance are called traveling waves. They carry energy 
and momentum with them. 

Consider a string whose one end is fixed to a hook 
ana otner end is held in hand. If we move the free end up 
and down at regular intervals, a series of identical waves 
travel along the string. Consider a transfer pulse in a long 
stretched string at t — 0, we suppose the shape of pulse 
remain unchanged as it travels the pulse lies in xy-plain. 

Let the pulse be traveling in positive x direction 
with speed “v”. After some time “t” the pulse covers a 



(a) A transverse pulse, shown as a snapshot at time 
I “ 0. The point P represents a particular location on the 
phase of the pulse, nor a particular point of the medium (the 
suing, for instance), (b) At a time r later, the pulse has moved 
a distance w in the positive x direction. The point P on the 
phase has also moved a distance W. The peak of the pulse de¬ 
fines the origin of the x' coordinate. 
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distance “vt” as shown in figure (b) and its shape is the same as at t = 0. The y coordinate represent 
the transverse displacement of a point on the string. Which depends both on position x and time t i.e; 
y is a function of x and t. 

The wave form of the pulse at t = 0 is given by: 

y(x, 0) = f{x) -(1) 

where the function T gives the shape of the wave. 

After time ‘t’ the shape of the wave remains unchanged. So after time ‘t’, the wave form is 
represented by the same function ‘/’. Relative to the origin O' of a reference frame that travels with 
the pulse, the shape is described by function / (x') as shown in the figure b. The relationship 
between the x-coordinates in the two reference frames is described by formula: 

x' — x — vt -(2) v x — x' + vt 

where x' is the displacement of point ‘P’ along x-axis w.r.t O' and x is lacement of point ‘P’ 

w.r.t 0. So the wave fonn of the pulse at time ‘t’ is given by: 
y(x, t) = fix') 

=> yix, t) = fix- vt) -(3) 

From equation (1) and (3) we see that we can change funcfipn of any shape into a wave traveling in 
the positive ‘x’ direction simply by replacing x by x - vt in the function fix). 

Let us follow the motion o f a particular phase of the wave, such as that of location of P of the 
waveform of figure. If the wave is to keep its shape as it travels, then the y-coordinate y P of point P 
must not change. That is, y P remains same for all values of x — vt. This remains true for any 
location and for all times t. Thus for the motion of any particular phase of the wave, we must have: 
x — vt — constant -(4) 

We can verify that equation (4) characterizes the motion of the phase of the waveform by 
differentiating with respect to time, which gives: 
dx 



dt 


— v 


dx 

dt 



— v 


The velocity — describe the motion of the phase of the wave, and so it is known as the phase 


velocity. 

If the wave moves in the negative x direction, all we need do is replace v by —v. In this case we 
would obtain: 

yix, t) = f(x + vt) 

The motion of any phase of the wave would then be characterized by the requirement that 
x + vt — constant 
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The phase velocity in this case would be: 
dx 

— = —v 
dt 

Important Note 

The function y(x, t) contains complete description of the shape of the wave and its motion. 

At any particular time, say t 1? the function y(x, tq) gives y as function of x, which defines a curve; 
this curve represents the actual shape of the string at that time t { and can be regarded as a ‘snapshot’ 
of the wave. 

On the other hand, we can consider the motion of a particular point on the string, say at the 
fixed coordinate x 1 . The function y(x 1 , t) tells the y coordinate of that point as a function of the 
time. For a transverse wave in string, the point is not moving at all at time t = 0. It then begin to 
move gradually, as the leading edge of the pulse arrives. After the peak of the wave passes, the 
displacement of the point drops rapidly back to zero as the trailing edge passes. 

Problem: At t — 0 transverse wave pulse in the wire is described be formula y(x, 0) = 

Describe the function y(x, t ) that describe this wave if it is travelling in the positive x-direction 
with speed of 4.5 m/s. 


Given Speed v — 4.5 —, Wave Pulse at t = 0: y(x, 
The required function will be: 

y(x, t ) = 

{X — VL)- -I- .3 

£ 


X z +3 


(x — vt ) 2 + 3 
6 

y(x, t) = 


O 


& 


(x — 4.5 t)f+ 


Problem: A travelling wave is represented by wave function y(x, t) = 

(b) Find vertical displacement at x — 0. 5 m, t = 1,2, 1. 5 s. 

(a) In given equation x — vt = x — 3t=>v = 3 ms -1 

2 

—— = 0.2758 m 


(x-3 t) 2 + l 


(a) Find v =? 



y(0.5,1.5) 


(0.5 - 3 x 1.5) 2 + 1 17 


= 0.064 m 


— — — 0.118 m 
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19.3 Sinusoidal Waves 


Consider a transverse wave of sinusoidal shape. Suppose at time = 0 , the wave train is moving 
along x-axis and is given by: 
y(x, 0) = y m sin kx 


2.71 

Where k — — is the wave number having unit rad/m. 

A 


2n 

y(x, 0) = y m sin (—) x 


( 1 ) 



At < - 0 (darker color), the string has the sinusoida! 


Here y m is the maximum displacement and is called given by y “ ym sin At a later time t (lighter 

color), the wave has moved to the nght a distance x « vt, and 

the amplitude of the wave and A is the wavelength, the string has a shape given by y-y m sin 2n(x-vt)/X 

L \ 

Thus a wave travelling in the x-direction with phase velocity v at any time t is given by: 

y(x, t) = y m sin (x - vt) -(2) 

Now time period T of wave is defined as the time during which the waye covers a distance 'A' with 
phase velocity v. 

A — vT 

A 


or v — — 
T 


Hence Equation (2) becomes 


y(x, t) = y m sin ) (x - y) 




& 


(X t 

y(x, t) = y m sin 2n (j 


y(x, t) = y m sin (■ 


2nx 



( 3 ) 


V A T 

y(x, t) = y m sin (/ex'"'— mt)-(4) 

Transverse Displacement of Sinusoidal Travelling is Periodic as the Function of Position 

The transverse displacement ‘y’ at any time ‘t’ has the same value at x, x + A, x + 2A and so 
on. Consider 




y (x + A, t) = y m sin 2n ~ 

(X t\ 

y(x + A, t) = y m sin 2n (j + 1 - -J 

(2nx 2nt \ 
y(x + A, t) = y m sin - — + 2nj 

f 2 ttx 2nt\ 

y(x + A, t) = y m s = sin — - —J 


A T 
x t' 


y(x + A, t) = y m sin 2n ^ - -j 
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=> y(x + A, t) = y(x, t) 

Transverse Displacement of Sinusoidal Travelling is Periodic as the Function of Time 

Transverse displacement ‘y’ at any given position has the same value at time t, t + T, t + 2T and so 
on. Consider 


y(x, t + T) — y m sin 2n | 

'x t + 
a T ) 

(X 

=> y(x, t + T) = y m sin 2n I j 

-£-i 

=> y(x, t + T) — y m sin | 

/ 2tcx 

2nt 

l A 

T 

y(x, t + T) — y m sin | 

/ 2tcx 


l A 


y(x, t + T) — y m sin | 

/ 2tcx 

2nt\ 

l A 

T ) 

(X 

=> y(x, t + T) — y m sin 2n I j 


^ y(x,t + T) = y(x, t) 




2n 


o 


& 






o'- 


19.4 Relation between Wave Number and Angular Frequency 




Wave number is given by 


2n 

k= T 


(i) 


Angular frequency is given by 

2n 1 

(o = — But - = f 

co — 2nf - 


© 


O 


$ 


As v — f A 


co — 2n- 


Relation (2) become; 

v 

2n 

co = —v 
A 


- ~ ( 

r 3 




co — kv 
co 

v — — 


Problem: In an electric shaver, the blade moves back and forth over a distance of 2 mm. the 
motion is simple harmonic with frequency 120 Hz. Find (i) amplitude, (ii) maximum blade 
speed and (iii) maximum blade acceleration. 

Given Data: Length l — 2 mm — 2 x 10 -3 m, Frequency / = 120 Hz 
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(i) 

(ii) 

(iii) 


Amplitude x m — 


Length 2x10 3 m „ „ . 

—— = -= 1 x 10 3 m - 1 mm 


o 771 

Maximum Speed v m — (nx m — 2nfx m — 2 x 3.14 x 120 x 1 x 10 3 = 0.754 — 
Maximum Acceleration a m — (n 2 x m — (2nf ) 2 x m — An 2 f 2 x m 

771 

= 4 x (3.14) 2 x (120) 2 x 1 x 10~ 3 = 0.568 — 


19.5 Group Speed and Dispersion 


The speed of wave in any medium is called phase speed. But the term phase speed is used for 


A) 

those waves which keep their shape unchanged while traveling like sine wave. But in case of other 
types of waves e.g., square wave, saw tooth wave, we use the term group speed instead of phase 

speed. . 

Group speed is the speed of group of waves in complex wave. 

This is the speed at which energy travels in a real wave. 

Dispersive and Non-Dispersive Medium 

Now the medium in which velocity of wave depends on wavel ength is called dispersive 
medium. The wave, whose velocity changes with change in wavelength, is called dispersive wave. 

Hence, in a dispersive medium, different component of waves have different phase speeds. In a 

. \ • 

dispersive medium like glass, the group speed and phase speed of light waves become different. 

In a non-dispersive medium, all component %aves travel with the same speed e.g; sound 
waves in air and light waves in air. 


19.6 Wave Speed 


The wave speed means the phase speed of a single wave or group speed of a wave in non- 
dispersive medium. In non-dispersive medium the speed is independent of frequency or wave length. 
Here we will find the speed of a transverse wave in a stretched string. The wave speed can be 
calculated by two ways. 

(i) By Dimensional Analysis 

(ii) By Mechanical Analysis 


19.7 Dimensional Analysis 


The speed of waves on the string depends on the mass of the element of the string and on the force 
between the neighboring elements, which is the tension F under which the string is stretched. 

We characterize the mass of the element of string in terms of the linear mass density p, the mass per 
unit length of the string. Assuming that the wave speed v depends on only on F and p. Thus we can 
describe the wave speed v as: 
v oc F a p b 

=> v = C F a p b -(1) 
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where C is the constant of proportionality and a and b are the exponents to be determined from the 
dimensional analysis. Therefore, 

M = C [F] a [^] b 

=> [LT- 1 ] oc [M LT -2 ] a [M L -1 ] b 

=> [LT -1 ] oc [M a L a T -2a ] [M b L -b ] 

=> [M°LF _1 ] oc [M a+i, L a - i, 7’- 2a ] 

Comparing the powers of the both sides, we have: 

M: a + b = 0=$a = — b -(2) 


L: a — b — 1 

Equation (2) implies: 

1 


-b — b — 1 


a = — — 


a = 


Equation (1) becomes: 

i _i 
v — C (F)z(ju) 2 



The most we can say from this analysis is th 


times The value of the constant ca: 
yu 

19.8 Mechanical Analysis 



eed is equal to the dimensionless constant 
tained from a mechanical analysis or from experiment. 


Consider a stretched string in which transverse wave is produced which is moving with speed 
V. Let us take a small element of the string of length 5 l. This element forms an arc of circle. Let R 
be the radius of circle. If /r is linear mass density of line string then mass of element of string is: 

8m - /j.81 

Let F be the tension at the two ends of the element. This tension is along the tangent at each 
end of the string elements. The horizontal components of L cancel each other and the vertical 
components are added up. 

Total vertical force F ± is 

F ± — F sin 6 + F sin 6 
=> F ± — 2F sin 6 
Lor small 6: sin 6 ~ 6. Therefore, 

F ± = 2 F6 

F ± = F(20)-(1) 

By using the relation S — rd, we have 81 — F(20). 



Author: Prof. Nasir Perviz Butt Contact Us: aliphy2008 @gmail.com , www.facebook.com/HomeOfPhysics 
















B.Sc. Physics (H.R.K): Waves and Oscillations Chapter # 19: Wave Motion 

81 

2 9 — — -(2) 

R 

Putting (2) in (1), we get: 

/Sl\ 

F - = F {j) - (3) 

But F x is directed towards center of circlar arc. So this becomes the centripetal force. 

Smv 2 

Fl = _ - (4) 

Comparing (3) and (4) we get, 

Smv 2 /Sh 

~ = F {j) 

Smv 2 = F(5Z) 

2 FSl 
V — - 

Sm 

But = F = Thus, 

-i 

This is the expression for wave speed for small transverse displacement. 

Problem: When a particular wire is vibrating with frequency of 4 Hz. A transverse wave of 
wavelength 60 cm is produced. Determine the speed of wave pulse along wire 
Given Data: Frequency / = 4 Hz, Wavelength A = 60 cm = 0.6 m 
To Determine: Wave Speed v =? O' 

Calculations: As v — f A = 4 x 0.6 = 2.4 — 

J S 

_ 

Problem. A sinusoidal travelling wave in x-direction has amplitude of 15 cm, wavelength of 40 

cm and the frequency of 8 Hz. The vertical displacement at x — 0 and t — 0 is 15 cm. Find 

(a) Wave Number (b) Time Period, (c) Wave Speed and (d) Angular Frequency of wave. 

Given Amplitude A = 15 cm = 15 x 10 _2 m, Wavelength A — 40 cm — 40 x 10 _2 m, 

Frequency / = 8 Hz 

(a) As Wave Number k — ^ = — 2n — 15.7 — 

v „ X 40X10- 2 m 

(b) Time Period T = - = -=0.12 S s 

V ’ f 8 

(c) As 5 = vt => A = vT =» u = - = 40x10-2 = 3.2 - 

v y T 0.125 s 

(d) (v — 2nf — 6.28 x 8 = 50.24^ 
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Problem: A uniform cord has a mass of 0.3 kg and length of 6 m. the cord passes over pulley 
and supports a 2 kg object, (a) What will be the speed of wave? (b) What will be the time for 
wave to travel the distance of 6 m? 

(a) Given Mass of String m 1 — 0.3 kg, Length of String l — 6m, Mass suspended m 2 — 2 kg 

m 0.3 kg 

As Linear Mass Density g — — — —— — 0.05 — 

16 m 

Tension in String F = mg = 2 x 9.8 = 19.6 N 


F 19.6 

Now v — — — ——=19.77 ms 1 

\g 0.05 

(b) Distance Covered by Wave S — 6m 
Time t =? 

S 6 

As S — vt^t — — — -— 0.304 s 

v 19.77 


o 




JR 


o v 


Problem: Transverse wave with speed of 50 m/s are to be produced in taut string. A 5 m length 
of the string with a mass of 0.060 kg is used. Find out the tension in the string. 

Given Speed of Wave v — 50 Length of String l — 5 m, Mass of string m — 0.05 kg 
Tension in String F =? 

m 0.06 

As Linear Mass Density g — — — — 


Now v — — 

\g 


v 


2 



- 0.0 1 2 x 50 2 = 30 N 


Problem: Transverse wave travel with speed of 20 m/s in a string under the tension of 6 
What tension is required to produce a wave travelling with speed 30 m/s in the same string^ 

Case 1 : Given Speed of wave v 1 — 20 —, Tension F 1 — 6 N 


N. 


Linear Mass Density g =? 
Now Vj = 


\ 


Fi _ r Fi 
— => Or) = — 
g g 


Fi 6 kq 

g = = = 0.015 — 

Oi) 2 (20) 2 m 


Case 2 : Given Speed of Wave v 2 = 30 ■ 
To Determine Tension in String F 2 =? 

Ig 


For present case: v 2 — 


M 2 = ^ 


F 2 = g(v 2 y = 0.015 x (30) 2 = 13.5 N 
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19.9 The Wave Equation 


In case of SHM of a mass-spring mass system, the equation of motion is: 

d 2 x k 

~ - x 

dt 2 m 

The solution of the equation is 
x — x m cos(mt + <p) 

Consider a string lying along x-axis. Let the 
given string be stretched between two fixed supports 
along x-axis in the equilibrium position. Let F c be the 
tension in the string in equilibrium position. 

Consider a small element of string .Let dx and 
dm are the arc length and mass of this string, then 

V 

linear mass density fi — When the string is plucked (displaced) alng y-axis then it does not 



A small element of length Sx of a long string 
under tension F. The figure represents a snapshot of the ele¬ 
ment at a particular time during the passage of a wave. 


remain straight but become slight curved as shown. Let F x and F 2 are the tension at the ends in the 
displaced position.The angle t^and d 2 be not equal. Now y we resolve the tangent into its 
components. The horizontal components F x cos 8 X and F 2 cos 9 2 being equal and opposite will 
cancel each other. The net force acting on the element in the upward direction is given as: 

„ 

=> F y — F 2 cos 0 2 tan d 2 — Fl cos 9 1 tan 9 X 
Let F 2 cos d 2 — F 1 cos 8 1 — F (say) 

=> F y — F tan d 2 — F tan 8 t 

=> F y — Fd (tan 0)-(1) where d(tan 9) = tan d 2 — tan 

But this net force on the element of string is given by Newton 2nd law of motion 

dm 


F y — F 2 sin 0 2 — F x sin 9 2 


F y = F 2 cos 0 2 
y z z \cose 2 J 


Fy — dma.y — )idx a y 

From (1) and (2) we get: 

d (tan 6 ) = ndxa y 
d(tan0) tidy 


( 2 ) 


dx 


= F 


dx F 

-t r, dy . d 2 y 

Now tan 9 — — and a v - —- 

dx y dt 2 


( 3 ) 


Eq (3) become 


_3_/3y\ = d( 

dx \dx) F \ 


d 2 y N 
dt 2 , 
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d 2 y ud 2 y 

— L = H —£-( 4 ) 

dx 2 F dt 2 

But v — l^=>~= => - = 4 

■\j \JL V Aj F F V 2 

d 2 y _ 1 d 2 
dx 2 v 2 dt 2 

This is equation of motion of transverse oscillation of the string. So it is also called wave equation. 

19.10 Solution of Wave Equation 

As the wave eq is given by: 
d 2 y 1 /'d 2 y\ 

dx 2 v 2 \dx 2 ) ^ 

We want to find out the solution of this equation. 

We know that general formula for traveling wave is 

y(x, t) =f(x±vt) -(2) 

Let us suppose that equation (2) is the solution of (1). 

Suppose x ±vt — z -(A) 

Therefore, equation (2) can be written as 

y(x, t) — f (z)-(B) 

Differedating (B) w.r.t x 
dy _ df(z) 
dx dx 

dy _ df dz 
^ dx dz' dx 

dy df dz d(x±vt ) 

^ dx dz dx dx 

Again differentiating with respect to x we get: 

d 2 y d {df\ 

dx 2 dx \dz) 

^y = £_(Sf\ 

dx 2 dz \dxj 

d 2 y d df dz dz d(x + vt ) 

dx 2 dz' dz' dx dx dx 

d 2 y d 2 f 

Similarly differentiating (B) with respect to t, we have: 

dy d/(z) df dz 

dt dt dz dt 
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dy df dz d(x±vt ) 

dt dz ^ dt dt 

Again Differentiating with respect to t: 

d 2 y d 


— +v 


dt 2 


= Ft( ±v ^) 


d 2 y d (df 

aF =(±v) Fz\Tt 


H ±v) ^(fH ±v) 


d /df dz\ 
dz\dz dt) 


d 2 y d 

= (±10 T - 


dt 2 
d 2 y 
dt 2 
1 d 2 y 


dz L dz 


df 

-f-C±v) 


d 

m 

dz 

.dz. 


— v 


d 2 f 

dx 2 

d 2 f 


(4) 



v 2 dt 2 dx 2 
From (3) and (4), we have: 

d 2 y 1 d 2 y 
dx 2 v 2 dt 2 

So y(x, t ) = /(x + vt ) is the solution of wave equation 

Problem: Show that the wave-function y — ln[b(x — vt')] is the solution of wave equation, 
where b is constant. 

The wave equation is: — 

We have to show that y — ln[h(x — vt)] is the solution of wave equation. 
d 2 y d (dy\ d ( d 


L.H.S = 


= ——) = — 


dx 2 dx \dxJ wc V 

d_( _1 jS 

dx \b(x 


= 0 


- vt)dx 


— ln[h(x — vt)]^ 

-f i(x-vt)]) = -^-( 
x ) dx 


— vt) — (x — vt) — 
dx 


\b(x — vt) 
1 


\ d 

) = Tx ix ~ vt ' ) 


-1 




(x — Vt) 2 

,\l d 2 y 1 d (dy\ 15/5 \ 

R.H.S = = —=■—( — ) = ——( —ln[h(x - vt)]) 

v 2 dt 2 v 2 dt\dtj v 2 dt\dt J / 

A . AM 


v 2 dt \b(x — vt) dt 


[b(x — ut)]j = 


v 2 dt \b(x — vt) 
1 


■bv \ 
— vt)) 


1 d 


1 _ 9 5 1 

= —(— l)(x — vt) 2 — (x — vt) — —(—1)- 

v y J dt y J v y \x-vt) 2 


v dt 
(-v) = 


(x — vt) 1 
-1 


(x — vt) 2 

As L. H. S = R. H. S, so y = ln[b(x — vt)] is the solution of wave equation. 
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19.11 Power and Intensity in Wave Motion 


When move the end of string up and down we give energy to string .This energy is 
transmitted through the string to the other end. 

Figure shows the snapshot of the waves at time t 
and t + dt. 

When wave passes along the string then 
each particle perform work to the other particle to 
its right and work is done on that particle by the 
particle to its left. In this way energy is transferred 
from particle to particle. 



When the string is moved, the particles of string have transverse velocity U given as follow: 

v y = y m sin (kx 

it(x, t) = —coy m cos (kx — cot) -(a) 


dy d 

u(x, t) = — = —\y m sin (kx - tut)] 



The force F exerted on an element of the string by the element to its left is shown in the 
figure. Now the power transmitted is given as: 

P=UFy -(1) A • 

Note that y-component of force F is paralld tofu^ no matter whether that element of the string 
happens to be moving up or down. Thus the power transmitted is never negative during the cycle of 
oscillation. Now as the vertical force on the element of string is: 


F y — —F sin 6 


For small angle sin 6 ~ tan 6 


F y — —F tan 0 


F y = 


Putting values 




<u 


00 


JS of ec 

P = I -uym CO s(kx - (Ot)] 

4k 


quation (a) and (b) in equation (1), we get: 
dy\ 




P — [—ooy m co s(kx — <ut)](—F) — [y m sin (kx — cut)] 

ox 

P — [—(jL>y m cos (kx — (jot)](—F)\y m k cos (kx — cot)] 

P — y^cokF cos 2 (/cx — cot) 


P — y^cok^v 2 cos 2 {kx — cot) 

P — y^co(kv)fiv cos 2 (/rx — cot) 



v 


2 _ 


— F = /riF 
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P — y^Co{co)lXV cos 2 (/cx — cot ) 
P — ymto 2 fiv cos 2 (/cx — cut) 


v kv — co 


Average Power 

The power or rate of flow of energy is not constant. This is because the input power 
oscillates: the work done by the hand that is moving the end of the string varies with the transverse 
displacement of that point. The power input to the string is often taken to be the average over one 
period of motion. The average power delivered is: 


P — y m 2 [xvco 2 < cos 2 {kx — cot) > 


& 


- 1 , 

P = ^ym Z PVC0 2 


v< cos 2 {kx — cot) > = — 


This shows that average power does not depend on x and t but it depends on squart 
square of frequency. 


Problem: A taut string for which ^ = 5 x 10 2 — is under tei nsion of 80 N. How much power 

t frequency of 60 Hz and an 


must be supplied to the string to generate sinusoida 1 waves at 
amplitude of 6 m. 




G° 

■e of amplitude and 


& 


Given Linear Mass Density /r = 5 x 10 -2 Ti 
Amplitude y m — 6 m 
Average Power (P) — ^y^fxvco 2 —1 

As a = 2nf = 2 x 3.14 x 60 = 376.8 — 


"ension F = 


= 80 N, Frequency f — 60 Hz, 


v 




80 


5X10" 


= V1600 = 40- 


S 


1 

Therefore (P) — —y^fivco 2 = — x (6) 2 x 5 x 10 2 x 40 x (376.8) 2 = 5111 W 

Problem: Transverse waves are being generated on a rope under constant tension. By what 
factor is the required power increased or decreased, if: (a) Length of rope is doubled and 
angular frequency remains constant, (b) The amplitude is doubled and angular frequency is 
halved, (c) Both the wavelength and the amplitude are doubled, (d) Both the wavelength and 
length of rope are halved. 


'j 'j 

Average Power (P) = -y^vco 2 = - (—) 


m 


vco “ 


v ix = 


2 2 J ' n \U r l 

(i) Length of rope is doubled and angular frequency remains constant. Replace / by 21 


<2 V 


\ 1 

1 ^ /T 

ri\ 

1 

ri i 

) urn 2 = - 
> 2 

2 y m(r 

VCO 2 

- 2 

-ytiixvco 2 


1 

2 




The average power delivered will be decreased of 50% of its initial value. 

(ii) The amplitude is doubled and angular frequency is halved. Replace y m by 2 y m and co by ^ 
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1 „ /£U\ 2 1 _ „ CO 2 1 „ o 

<^2> = 2 ( 2 ym)' = ^ym^VO)- \LV— = -y^pVG ) 2 = <P> 

The average power delivered will remain unchanged. 

(iii) Both the wavelength and the amplitude are doubled. 

1 1 

Consider (P) = —y^pum 2 = -y^p/Aa> 2 
Replace y m by 2y m and A by 2A: 

<^ 3 ) = ^(2y m ) 2 P/(2A)rn 2 = ^2(4y£)/r/Am 2 = 8 ^y^pvw 2 

The average power delivered will increase 8 times. 

(iv) Both the wavelength and the length of rope are halved. 

1 ~ ~ 1 ~ /m\ ~ 

Consider (P) ^-y^pvco 2 =-y™ (yJ/Aw 2 

Replace l by ^ and A by 

^4>=ymQ/(2A)rn 2 = <P> 

The average power delivered will remain unchanged. 


8 (P) 


■O 










o'- 


19.12 Intensity of Wave of a 3D Wave 


In a three dimensional wave, such as a light wave or a sound wave from a point source, it is 
often more useful to specify the intensity of the wave. The intensity I is defined as: 

“ The average power per unit area transmitted across an area normal to the direction in which the 

wave is travelling ” 

The intensity of a wave travelling along a string is proportional to the square of its amplitude but it is 
not true for a circular or spherical wave because amplitude of spherical wave is not constant and is a 
function of distance from the point source. The intensity of a spherical wave from a point source 
i isotropic medium is given by, 

,4= p 


located in an i. 




A 4nr 2 


= -(-) 

4n \r 2 ) 


I — constant x 


Since / oc (Amlitude) 2 . Therefore, for present case: 
_ 1 

(Amlitude) oc — 


(. Amplitude ) oc 
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So we find that amplitude of spherical wave is inversely proportional to distance from the point 
source i.e if the distance from the source is doubled, the amplitude reduces to half and intensity 
decreases four times. 

LlW 7 

Problem: A sound wave of intensity 1. 6 passes through a surface of area 4. 70 cm . How 
much energy passes through the surface in one hour? 

Given Data: Intensity / = 1.6= 1.6 x ^ — 1.6 x 1CT 2 


10 ~ 4 m 2 


Area A — 4.70 cm 2 — 4.70 x 10 4 m 2 , Time t — 60 s 
To Determine: Energy E —1 

Calculation: / = -=>/ = — =$E = AxtxI = 4.70 x 10~ 4 x 60 x 1.6 x 10 -2 


■O 


& 


A 

-4 


Axt 


E = 4.512 x 1(T 4 / 




& 


19.13 The Principal of Superposition 


When two or more than waves travelling through the same 


the resultant displacement of any particle at any given 


time is 


displacement of individual waves given to the p; 
simultaneously along a stretched string and y^x, t) , 
y 2 (x, t) are the displacements due to the two waves 
separately then the resultant displacement of nhe 
particle is 

y(x,t) = y 1 (x, t) +y 2 (x,t) 

This is called superposition principle. There are three 
application of principle of superposition. 

(i) Interference: Superposition of two waves having 
same frequency and are moving in same direction 
will result in the phenomenon of interference. 

(ii) Beats: Periodic rise and fall in the amplitude of 
resultant wave due to superposition of two waves 
having slightly different frequency but moving in a 
same direction are called beats. 

(iii) Stationary Waves: Superposition of two waves 


article. For 


lium combine at a point then 
mal to the vector sum of 


or example, if two waves travel 






Two pulses travel in opposite directions along a 
stretched string. The superposition principle applies as the) 
move through each other. 


having same frequency but moving in opposite direction will result in phenomenon of stationary 
waves. 
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19.14 Interference of Waves 


Superposition of two waves having same frequency and are moving in same direction will 
result in the phenomenon of interference. 

Consider two sinusoidal waves of same amplitude and frequency travelling along x-axis with the 
same speed. These waves are represented as 
yi(x, t) = y m sin (kx -cot- cp x ) 
y 2 (x, t ) = y m sin (kx -cot- cp 2 ) 

Where cp 1 and <p 2 are phase constants for two waves. 

The resultant wave is given by the principle of superposition as 
y = y x (x, t) +y 2 (x, t ) 

=> y — y m sin (kx — cot — <p x ) + y m sin (kx — cot — cp 2 ) 

=» y — y m [sin(kx — cot — cp x ) + sin(/cx — cot — <p 2 )] 

(A + B\ (A- B' 


■O 


& 


& 


By trigonometry 


sin A + sinB = 2 sin 


kx — cot — cp x + kx — cot — cp 2 



MV 1 ) $2 

kx — cot — cp x — kx + cot + cp 2 


Putting 


=> y = 2y m cos sin l ( kx - 

<Pl + ^2 

-= cp and cp 2 — cp 1 = A cp 


y = 2y m cos sin((/cx - cut) - <p') 


( 1 ) 


From equation (1) we find that the resultant waves has same frequency but its amplitude is 
2 y m cos (y)- 

Constructive Interference 

For the case of constructive interference, crest of one wave falls on crest of other wave and trough of 
one wave falls on trough of other wave, i.e., A cp — 0. In this case, 

/A cp\ 

Amplitude of resultant wave = 2 y m cos I ■—J — 2y m cos 0 = 2 y m 
i.e., the amplitude of the resultant wave is twice the magnitude of either wave. 
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Condition for Constructive Interference 

Now for condition of constructive interference, we have: 

(Acp\ 


cos 




+ 1 


Acp 

— = cos 1 (+1) 
2 


Acp 

— - 0, n, 2n, 


Acp 


= nn 


=> Acp — 2nn 

Path difference Ax and phase difference Acp is related as by the expression 
Ax Acp 


o 


& 


2nn 

=» Ax = —— . A 
2n 

=> A x — nA 

Destructive Interference 


& 




o 


For the case of destructive interference, crest of one wave falls on trough of other wave i.e., 
Acp — 180°. In this case, 


Amplitude of resultant wave = 



= 2 ym cos (~y~) = 2 y» 


cos 90° = 0 

i.e., the two waves will cancel the effect J>f each other and the amplitude of the resultant wave is 
zero. 

Condition for Destructive Interference 


For condition of destructive interference, we have: 
(A cp^ 


cos 




=> T = “5-'(0) 
A<p n 3n Sn 

^ ~ 2 ~ ~ 2 ’~ 2 ~’~ 2 ~ 
Acp — n, 3n, Sn,. 


Acp — (2 n + l)7r 

Path difference and phase difference is related by the expreesion: 
Ax Acp 

T~1T 

(2 n + l)7r 

=» Ax =-. A 

2n 

A 

=> Ax = (2 n + 1) — 


18 

Author: Prof. Nasir Perviz Butt Contact Us: aliphy2008 @gmail.com , www.facebook.com/HomeOfPhysics 















B.Sc. Physics (H.R.K): Waves and Oscillations 


Chapter # 19: Wave Motion 


Sample Problem 4: Two waves travel in the same direction along a string and interfere. The 
waves have the same amplitude and the same wavelength and travel with the same speed. The 
amplitude of the waves is 9.7mm and there is a phase difference of 110° between them, (a) What 
is the amplitude of the combined waves? To what value should the phase difference be changed 
so that the combined wave will have amplitude equal to that one of the original waves? 

Solution: 

Amplitude of one wave y m — 9.7 mm, Phase Difference A cp — 110° 

(a) Amplitude of Resultant Wave —1 

( A( P\ .o 


/A (p\ 

Amplitude of Resultant Wave — 2y m cos I -—J 
110 ° 


= 2 x 9.7 x cos- 


= 19.4 x cos 55° = 19.4 x (0.573) = 11.1 m 


(b) A (p =? if Amplitude of Resultant — y m 


(A <p\ 

According to the given condition 2y m cos I -—J — 


y m 


2 cos 






3D 


N, 


= 120 ° 


Sample Problem 5: A listener is seated at a point distant 1.2m directly in front of one speaker. 
The two speakers which are separated by a distance of D — 2.3m emit pure tones of 
wavelength A. The waves are in phase when they leave the speakers. For what wavelength will 
the listener hear a minimum in the sound intensity? 

Solution: Given x — 1.2m, D — 2.3 m, 

We have to Determine A —? for minimum sound. 

As for minimum sound the two waves should interfere destructively 

Path difference = (n + —) A 

or Ax = [n 4- -j A => x x — x 2 — (n + -j A -(1) 

If the listener is seated in front of speaker 2 then 

x 2 = 1.2 m :■ x x 2 = x 2 2 + y 2 => x ± - V(l-2) 2 + (2.3) 2 
=>x 1 = Vl.44 + 5.29 = V&73 = 2.59 x 1 = 2.6 m 


Putting the values in equation (1) we get 

2.6 -1.2 = (n + ^jA =$ 1.4 = (n + ^j 


A => A = 


1.4 


A = 


1.4 1.4 1.4 


(I)' (I)' (I)' 

A — 2.8 m, 0.93 m, 0.56 m,. 


2 M) 

A = 2(1.4),^ (1.4)^ (1.4). 
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19.15 Standing Waves 



Superposition of two exactly similar waves moving in a medium along the same straight line in 
opposite directions give rise to the phenomenon of standing waves 
These waves are not actually stationary but only appear to be so. These waves are also called 
standing waves because no moving particle is visible on the string. The pattern formed seems to be 
stationary. 

• In standing waves, there are certain points on the string which do not vibrate i.e., their 
amplitude of vibration is zero. Such points are called Nodes. 

• Between two nodes there are points where amplitude of vibration is maximum. Such points 
are called Anti-Nodes. So standing waves consists of nodes and antinodes. The distance 

between two consecutive nodes or antinodes is equal to -. 

Mathematical Analysis f Standing Waves: 

Consider two identical waves moving along a string in oppos 
represented as 

yjXx, t) — y m sin {kx — cot) towards right 
y 2 (x, t) = y m sin {kx + cat) towards left 
By the superposition principle the resultant wave is 
y(x,t) = y x (x, t) + y 2 (x, t) 

=> y(x, t) = y m sin (kx — cot) + y m sin (kx -1- cot ) 

=> y(x, t) = y m [s\n{kx — cot ) + sin (kx + rut)] 

.<? , 

By trigonometry sin A + sin B = 2 sin I 




ction. These waves are 


(A + B\ (A-B 
1 cos 


y(x, t) = 2y„ 


(kx — cot + kx + cot 


sin 


j cos ^ 


2 

kx ■ 


cot — kx — cot 


)] 


2 1 V 2 

=> y(x, t) = 2y m [sin(/cx ) cos(— cot)] v cos(— 6) — cos 6 

=> y(x, t) = 2y rn [sin(/cx)cos(mt)]-(1) 

This is the equation of a standing wave. This equation shows that each particle performs S.H.M with 
same angular frequency oobut amplitude of different particles are different because amplitude varies 
with x. 

Condition for Nodes (Points of Maximum Amplitude): 

In equation (1) amplitude is given by 

A = 2 y m sin kx -(2) 

We find that A is maximum (= 2y m ), w hen 
sin kx — 1 
=> kx — sin _1 (l) 
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kx — 


tc 3n Sn 

n 


kx — (2 n + 1) 

z, 

2n n 

—x = (2 n + 1) - 


x = (2n + 1) - 
4 


v n is integer 
2n 

v = T 


These points of maximum amplitude are called antinodes 

Condition for Anti-Nodes (Points of Minimum Amplitude): 


le amplit 


& 


From the expression of amplitude of stationary wave A — 2y m sin kx, we find that the amplitude is 

o v 


zero at all points for which: 
kx — 0, n, 2n, 3n,.... 
=» kx — tin 
2n 

=> —x — nn 


x — n 


n is integer 
2n 

k= T 


4 ? 




19.16 Phase Change on Reflection 


Consider a coil of spring with two ends connected to two hooks as shown in the figure. 


Reflection of Wave from Denser Medium 


two ends 
: spring, 


Suppose two hooks are denser then the spring. When an upward displacement is produced in the 
spring at right end, this disturbance travels to the left end of spring. 

On reaching the left end, the upward displacement tries to raise the hook also. But the hook 
being denser is not raised. Due to the reaction if hook, the upward displacement become down 
displacement. Thus we have generate a rule. 

When a transverse wave is reflected from a denser medium, it is reflected with opposite phase i. e ., 
upward displacement is reflected as a downward displacement etc. The reflected waves has a phase 

difference of 180 or path difference of - . 


.A 

Reflection of Wave from Rare Medium 


Now suppose the left end of spring is tied to a medium rare then the spring (e.g., nylon 
thread). Now upward displacement produce a right end can rise the nylon thread reaching it. A part 
of the pulse travels into the nylon thread and a part goes back as upward displacement. Thus we find 
that: 

“When a transverse wave is reflected at the boundary of a rare medium, it will be reflected without 
any phase change i.e., upward displacement is reflected as upward displacement and vice versa 
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19.17 Natural Frequencies 


When a system (simple pendulum) is made to oscillate, it vibrates with a certain time period 
and certain frequency. Whenever this pendulum is vibrating, it will always vibrate with the same 
period and frequency. This natural period and natural frequency depend upon the length of 
pendulum. 

Consider a string of length ‘L’ stretched with the one fix hook and the other end held in hand. 
When we move the held in hand up and down, we send transverse waves to the hook. These waves 
reach the hook and are reflected back. Due to superposition between incident and reflected waves, 
stationary waves are formed. If we wiggle the string with different frequencies, the string vibrates in 
different modes. Figure shows different modes of oscillation of the string. These piodes depend upon 


a 


.V 


frequency. The end fixed to hook and the free end in hand acts as nodes. 

To produce standing waves in the string of length L, the following condition should be satisfied. 


L = 


nX r 


n — 1,2,3,4 


n — 1,2,3,4 


2 L 

v = ~fn 


cr 

O = i - 2 - 3 ' 4 


the wav< 

<$> 

-ibed in term: 


# 


where A n is the wavelength of nth mode. For nth mode, the wavelength to given by: 
2 L 

- — 

n 

The condition for stationary waves can be descri 

v = fnK 


ms of frequency by using relation 


Thus the frequencies of stationary waves are quantized. It means that the string should be shaken at 
these particular frequencies in order to produce stationary waves. These frequency are called natural 
frequencies. 

Problem: A 300 g wire is stretched between 2.7 cm apart. If the tension in the wire is 600 N, 
find the wire’s first, second and third harmonic. 

Given Mass of wire m — 0.300 g — 0.0003 kg, Length of wire L = 2.7 cm — 2.7 x 10 -2 m 
Tension in String F — 600 N 

i If 


First Harmonic: f, = — = 

- 7 1 ,i 


FxL 


2 L 2 2Lj(m/L) 2L y] m 

Second Harmonic : f 2 — 2 f x — 2(2618) = 5236 Hz 
Third Harmonic : f 3 = 3 f x = 3(2618) = 7854 Hz 


2X2.7X10- 2 


600x2.7X10“ 
0.0003 


= 2618 Hz 


Problem: What are three lowest frequency for stationary wave on a wire 9.88 m long having 
mass 0.107 kg which is stretched under tension of 236 N. 
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Given Mass of wire m — 0.107 kg, Length of wire L — 9.88 m 
Tension in String F — 236 N 


First Harmonic: f] — — — — - — — 


FxL 


2 L 2L-Jfi 2L J (m/L) 2L m 

Second Harmonic : f 2 — 2 — 2(14.94) = 29.88 Hz 
Third Harmonic : f 3 = 3 f x = 3(14.94) = 89.54 Hz 


236X9.88 


2X9.88 \ 0.107 


= 14.94 Hz 


Problem: In an arrangement, vibrator sets the string into motion at a frequency of 120 Hz. The 
string has a length L — 1,2m and its linear mass density is 1.6^. To what value must the 

tension be adjusted to obtain the pattern of motion having four loops? 

Given Data: Length of string L — 1.2 m, Frequency / = 120 Hz, 

^ & 

For case of stationary waves: / 4 = 4 f x => 120 = 4 ™ ^ ^ 


Lineal - Mass Density u — 1.6— = 1.6 x 10 3 — 

m m 


120 = 


v — 60 x 1.2 v — 72 


= 72 


F = 



v — 60 L 


F = (72) 2 x 1.6 = 133 iV 


Problem: A string can vibrate with frequency of 440 Hz and has a length 0.34 m. What are the 
three longest wavelengths of the resonance of the string? 

Given Data: Frequency / = 440 Hz, Length of the string L — 0.34 m 
To Determine: Three Longest Wavelengths A 1 —?,A 2 =?,A 3 =1 

2 L 

Calculations: We know that for stationary waves: A n — — -(1) 

2 l 

First Harmonic Put n = 1 in equation (1): A x = — — 2 x 0.34 = 0.68 m 


Second Harmonic Put n — 


2 L 

in equation (1): A 2 — — — 0.34 m 

Third Harmonic PuHi = 3 in equation (1): A 3 — y = - x 0.34 = 0.23 m 



A string is fixed at both ends is 8.36 m long, and has mass of 122 g. It is subjected to tension of 
96.7 N and set vibrating. Find (a) What is speed of wave in string? (b) What is the wavelength 


of longest possible standing wave? 


Given Mass of string m — 122 g — 0.122 kg, Length of string L — 8.36 m. Tension F — 96.7 N 

If 


(a) Speed of wave v — 


v- 



FxL 

m 


96.7X8.36 

0.122 


= 81.66 ms 


-l 


2 L 


(b) As Wavelength of standing wave produced in streched string A n — — 

For longest wavelength, n = 1. Therefore, 

2 l 

Longest wavelength A x — — — 2L — 2 x 8.36 m — 16.72 m 
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19.18 Resonance 

“An increase the amplitude of a vibrating body under the action of periodic force whose frequency is 


equal to natural frequency if vibrating body, is called Resonance". 


Consider a string whose one end is fixed to a hook and other end is held in hand. If we move 
the free end up and down at regular intervals, a series of identical waves travel along the string. 
When the frequency of the applied produced force (to produce waves in string) becomes equal to any 
of natural frequencies, the string begins to vibrate with greater amplitude. This increase in ; le 

is called resonance. 



At resonance the string absorb as much energy as it can form the source. This is true for any 
vibrating system. e,g. in tuning a radio , the natural frequency of electronic circuit is change until it 


becomes equal to the particular frequency of radio waves i.e., broadcast from the station. At this 
point resonance produces and absorbs maximum energy from the signal. Similarly resonance can 
take place in sound, electromagnetisms, optics and atomic and nuclear physics. 

Sample problem: In the arrangement vibrator meats the string in motion at a frequency of 120 
Hz .the string has a length L — 1,2m and its linear mass density is 1.6 g/cm. To what value 
must tension be adjusted by increasing the hanging weight to obtain the pattern of motion 
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Sound 


20.1 Beats 

The periodic alterations in the intensity of sound between minimum and maximum loudness are called beats. 

The phenomenon of beats arises due to superposition of two sound waves of same amplitude but of 
slightly different frequencies. 


When two sound waves of same amplitude and having slightly different frequency superpose each 

Is 

£ which we 


other, they produce a resultant wave whose amplitude varies with time i.e., the amplitude rises and fall 
periodically. These periodic changes in amplitudes produces rises and falls in the intensity of sound which w 


VJ 




■Viio 


resultant pres 

mMAMAAAMAMA, 


call beats. 

Derivation: 

Let us consider a point in space through which two sine waves are passing. Their frequencies are 
slightly different. Due to superposition, we get resultant waveform. The resultant pressure at a given point is 
equal to the sum of individual pressures as a function of time. 

From the figure, we see that the amplitude of the resultant wave 
is not constant but varies with time. In case of sound waves, thi: 
variation in loudness called beats. 

Let the variation in pressure with time produced by one wave at 
a given point is given by: 

A P 1 (t) = AP m sin co-yt 

The variation in pressure produced by other wave 'fcqual 
amplitude at the same point is given by: 

AP 2 (f) = AP m sin o) 2 1-(2) 

For simplicity, we have taken <p x . 




1 - (p2 ~ 0 

By the superposition principle, the resultant pressure is given by: 
A P = APi(t) + AP 2 (t) 

=> AP = A P m sin rn-L t + A P m sin m 2 1 


(a) Two sinusoidal waveforms of nearly equal fre¬ 
quencies. ( b) The superposition of the two waveforms. Note 
that the two waves in part (a) go from being in phase, giving a 
resultant of large amplitude, to being out of phase, giving a re¬ 
sultant of zero amplitude. The dashed curves show the sinu¬ 
soidal variation of the modulating envelope with angular fre¬ 
quency £0. m „. 




A P = APmCsinoqt + sino) 2 f) 

[ /Wit + 0) 7 t\ /OJi t — (i)n t\ 

2 sin ( 1 2 2 j cos ( 1 2 2 j 


AP = 2A P m cos 


2 

f(Oi~(0 2 \ . f0) 1 + 0) 2 \ 

V 2 ) t - sm { 2 ) 


Putting - 


, CO 1 + 0)2 1 

= 0 ) amp and —-— = 0 ) av , we have: 


AP = 2AP m cos a> amp t. sin o) av t 


( 2 ) 


The equation (2) represents the resultant wave having frequency a>1+a>z an( j amplitude 


2AP m cos 




t. 
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We find that the amplitude depends on time i.e., the amplitude varies between maximum value 2A P m and 
minimum value — 2A P m with frequency 6)1 . 

Since intensity is proportional to square of amplitude, so the intensity is maximum both when 
amplitude is maximum or minimum. So intensity attains maximum value twice in one cycle. 

So we conclude that number of beats is twice the number of cycles per second. Hence beats frequency 
is twice the amplitude frequency i.e., 


k *beat 2 


amp 


t^beat 


= 2(^p) 


As a) = 2nf 


^beat ~ ~ <*>2 

2 Tlfbeat — 2nfi — 2 uf 2 
=> 2 nfbeat = 27T(A - / 2 ) 

fbeat = /l - fl 

It shows that the number of beats produced per second is equal to the difference of the frequencies of 
the two waves. 



_ 


20.2 The Doppler Effect 


The apparent change in the pitch of sound due to relative motion between source and observer 

is called Doppler Effect. 

Consider a source of sound and an observer (listener);: It is found that as the source approaches the 



listener, the pitch of sound is found to be greater than the actual pitch of sound. Similarly if the source moves 
away from the listener, the pitch is found to decrease. The same happens when source remains at rest and the 
observer moves towards or away from tne source. 

This apparent change in the pitch of Sound due to motion of source, observer or both is called Doppler Effect. 

Let / be the actual frequency of source i.e., it emits / waves in one second at rest. Let v be the speed 
of sound of sound waves i.e., v is the distance which the sound waves cover in one second. If both the source 

and observer are stationary, then the frequency of sound waves is described as: 
v . 

’■} C 

where A is the wavelength of sound waves emitted by source at 
rest. 

We want to find out the expression of apparent change in 
the frequency of sound due to the relative motion between source 
and observer. 

Case 1. When the Source moves towards the Stationary 

Observer 

If the source is moving away towards the observer A with 
speed u s , then the waves are compressed per second by an amount 
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AA. known as Doppler Shift: 
u q 

AA = - 

The compression of waves is due to the fact that same numbers of waves are contained in a shorter space 
depending upon the velocity of source. The wavelength for observer C is: 

A a = A — AA 


V li t v — u q 


A a = - — t- = 


f f f 

The modified frequency for observer C is: 
v 

fA = T 

A a 

n 

=> f A = 


■O 


& 


Since ■ 


f*-khdf - 

> 1, therefore f A > f 


(0 






o v ' 


Result : The apparent frequency of the sound increases, when the source moves towards the stationary 
observer. 

Case 2. When the Source moves away from the Stationary Observer 

If the source is moving away towards the observer B with speed u s , the wavelength of increases by an 
amount AA, known as Doppler Shift: 

Un 

4A = 7 



The expansion of wavelength is due to the fact that 
same number of waves are contained in a larger space 
depending upon the velocity of source. 

The wavelength for observer D is: 


Observer 


Ad — A + AA 


observer E 

,A 


The mi 



'SiX *9 v + Uo 

Xb = 1 + J = 


f 


equency for observer D is: 



erver A 




(K) 


Since-< 1, therefore f R <f 

V+U s JB J 

Result : The apparent frequency of the sound decrease, when the source moves away from the stationary 
observer. 


3 

Author: Prof. Nasir Perviz Butt Contact Us: aliphy2008 @gmail.com , www.facebook.com/HomeOfPhysics 























B.Sc. Physics (H.R.K): Waves and Oscillations 


Chapter # 20: Sound 


Generalization of Case-1 and Case-2 

Equation ( i ) and ( ii ) are combined into a single relation as: 



where — ve sign holds for motion towards the observer and the +ve sign holds for motion away from the 
observer. 

It should be noted that apparent change in pitch is due to increase or decrease of wavelength due to motion of 
source. 

Case 3. When the observer moves towards the Stationary Source 

If the observer C moves towards the stationary source 
with velocity u 0 , then the relative velocity of the waves and 
the observer is increased to (v + u 0 ). Then the frequency of 
sound received by the observer C is: 

v + u n 

fc = — 


fc — 


V + u 0 _ V 


(7) 

fc-C-T*)' 


As A = j 


Since V+ ^° > 1. therefore f c > f 



ses, when the observer moves towards the stationary 


Result : The apparent frequency of the sound 
source of sound. 

Case 4. When the observer moves away from Stationary Source 

If the observer D moves away from stationary source with velocity u 0 , then the relative velocity of 
the waves and the observer is increased to (v — u 0 ). Then the frequency of sound received by the observer D 

V -U n 


fD — 




bserver is r 


••• As A = j 


Since < 1, therefore fo<f 


O) 



Result : The apparent frequency of the sound decreases, when the observer moves away from the stationary 
source of sound. 

Generalization of Case-3 and Case-4 

Equation ( iv ) and (v) can be combined into a single relation as: 
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/ v + u n \ 

r = {-^)f 


HO 


where +ve sign holds for motion towards the source and - ve sign holds for motion away from source. 

It should be noted that apparent change in pitch takes place because the observer receive more or less 
waves per second due to its motion. 

Case-5: Both Source and Observer are in Motion 


Let us consider the case when both source and observer move towards each other. 

As we know that when source moves towards or away from observer at rest then frequency i 
by equation ( Hi ) as: 


f = (——)f 
1 \v + uJ J 


o 


is given 


If observer also moves towards or away from source in motion , then apparent frequency f" will be: 
(V + u n 


r = Hr 1 )/' 

Putting values of f from the relation get: 
(v + u n \ ( v \ 

f ={-^){v±d f 

/V + u n \ 






where 


^Ov 

ree and ( 


A’ 


f" = f represents the case when both source and observer are moving towards each other 

and 

f = (^—^| f represents the case when both source and the observer are moving awav from each other. 

\v+u s J 

J? 
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Interference of Light Waves 


Interference 


Superposition of two waves having same frequency and moving in the same direction 
will result in the phenomenon of interference. The phenomenon of interference is a wave 
phenomenon. Interference is of two types: 

Constructive interference 

If the two waves reach a point in phase i.e., crest of one wave falls on the crest of the 
other wave and trough of on wave falls on the trough of the other wave then the two waves 
reinforce each other and the net wave effect increases i.e., the net intensity is greater than the 
intensity of individual wave. Such interference is called constructive interference. 

Destructive Interference 

If the two waves reach a point out of phase i.e., crest of one wave falls on the trough 
of the other, then the two waves cancel each other’s effect and the net intensity of individual 


wave. This type of interference is called destructive interference. 


<0 


Coherent sources 


The phenomenon of interference is a wave phenomenon. It takes place due to 
superposition of two exactly similar waves. Ii t shouk^be noted that the two waves interfere 

Two sources are said to be coherent sources if they produce waves of same amplitude, same 
frequency having either no initial phase different or a constant phase difference. 


& 


& 


(a) A train of plane light waves (for example, from a laser) is incident on a barrier into which 
are cut two narrow slits separated by a distance d. The width of the slits are small compared 
with the wavelength, so that the waves passing through the slits spread out (diffract) and 
illuminate the screen, (b) The interference pattern, consisting of bright and dark bands or 

fringes that would appear on 
the screen. 




<b) 
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YOUNG’S DOUBLE SLIT EXPERIMENT: 


Huygens wave theory of light was experimentally confirmed by a British scientist 
THOMAS YOUNG in 1801. Young’s double slit experiment is shown in figure. 

S is a monochromatic source of light 
which is a rectangular slit illuminated by 
monochromatic light. This light is divided into 
two parts by slits S x and S 2 ■ Now slits and 
S 2 act as coherent sources because they are 
obtained from single source, d is the distance 
between slits S x and S 2 . D> d is the distance of 
screen and slits S t and S 2 . Point O is the 
central point of screen. Since the waves from 
and S 2 cover equal distance to point O, 
therefore, point O is a bright point due to 
constructive interference. Point O is called 

central maxima. Let us take any point P on the “ : ~ --—— - 

Rays from S, and combine at P. In actuality. 

screen at a distance y from central point O. D ^ d\ the figure has been distorted for clarity. Point a is the 

midpoint between the slits. 

and r 2 are the distances of point P from 5 X and 

S 2 . The path difference between the waves arriving at P is ; 

Path Difference = S 2 P — S ± P 

To calculate this path difference we draw a perpendicular S t b on S 2 P such that 
S X P = bP 

From figure: S 2 P = S 2 b + bP 
=> S 2 b = S 2 P - bP 
=> S 2 b = S 2 P - S X P S X P = bP 

=> Path Difference — S 2 b -(1) 

Now, from the right angled triangleAS 1 h5 2 , we have: 

S 2 b 



:■ Path Difference 


•^ 1^2 
S 2 b 


— sin 9 


v S t S 2 — d 


— sin 9 


=> S 2 b — d sin 9 

Path Difference = d sin 9 - 

As D»d so sin0 ~ tan 9. Therefore: 


( 2 ) 


byeq.(l) 
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Path difference = d tan 8 


But from right triangle AaoP ; tan 8 — — 


Path Difference = d 


y 


D 

Condition for Constructive Interference 


( 3 ) 


Now for point P to be a bright point the path difference should be equal to integral multiple of 
Ai. e., 

dy 


D 


= mA , m — 0,1, 2,3, 


mAD 


& 


y - 


d Qj 

where y is the distance of mth bright band from point O. For m — 0 we get central maxima. 


Condition for Destructive Interference 


get ce 


...5#". 

& 

A * 


dy A 

— = (2m+l)- 


AD 

y = (2m+ 1 )- 


where y is the distance of mth dark band fro oint 0. For m — 0 we get 1 st dark band. 



Sample Problem l.In double slit experiment with mercury vapor lamp, the strong green 
light of wavelength A — 546 nm is visible.The slits are 0.12mm apart and the screen is 
55cm away.What is the angular position of the first minimum?of the 10 th maximum?. 
Given Data: Wavelength A^= 546nm = 546 x 10~ 9 m, Interslit Distance d = 0.12 mm 
— 0.12 X 10" bn 

Distance between Screens D — 55 cm — 55 x 10~ 2 m 

(a )8 =? for first minima. For minima we have: d sin 8 — (2m + 1) - 


r^n. ... , „ , . „ A . „ A 546X10 9 

For first minima nut m = 0:a sin 8 — - =» sin 8 — — =-- 

- ^ - 2 2d 2X0.12X10 -3 

0.0023 


= 2275 x 10~ 6 = 


8 = sin -1 0.0023 6 = 0.13° 


(b)0 =? for 10 th mixima. For maxima we have: dsind — mA 

, ,.|h . , * ^ i . r, * m n 10 A 10X546X10 -9 . __ . 

For 10 maxima put m - 10: d sin 8 — 10 A => sind - — --— — 4.55 x 10 6 

- 1 - d 0.12X10- 3 

=> 8 = sin -1 4.55 x 10~ 6 = 2.6° 
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Sample Problem 2.What is the linear distance on screen C between the adjacent 
maximam and m + 1 of sample problem 1. 

From sample problem 1: 

Given Data: Wavelength A — 546 nm — 546 x 10~ 9 m, Interslit Distance d — 0.12 mm 
— 0.12 x 10~ 3 m 

Distance between Screens D — 55 cm — 55 x 10 _2 m 

To Determine: Distance between maxima m and m + 1 = Ay — y m+1 — y m =? 


For mth maxima := m For(m+l) maxima : y m+1 — (m+ 1) ^ 




r . , ,.1D AD mAD , AD AD AD 

Therefore, Ay = y M - y m = (m + 1) - - m - = — + - - m T = - ,J 

546 x 1(T 9 x 55 x 10 2 £ • 

— = 2502.2 x 1(T 6 = 2.5025 x l(T 3 m = 2.5 x 10~ 3 m 


Ay = 


0.12 x 10" 3 
= 2.5 mm 




Intensity in Young Double Slit Experiment 



Consider two coherent sources S ± and S 2 giving waves of same angular frequency 
cd. Let a be the distance between 5’j and S 2 . 

Suppose the distance of observation point P 
on the screen from be and r 2 from S 2 . It 
is assumed that r t and r 2 are very large as 
compared tod. Let the waves reaching P due 
to coherent sources be given by: z> * 

01 = ^ 1 ( r i)cos(ojt - Jcri) 

02 = A 2 (r 2 )£os(cDt - kr 2 ) 

where t/q and xp 2 are the displacements reaching P andi4 1 (r 1 ),4 2 (r 2 ) are the amplitudes 
reaching there. The total displacement at P is obtained by their superposition: 

0 = 01 + 02 

=> ip — A^Vi) co s(cot — /cry) + A 2 (r 2 )cos(cot — kr 2 ) 

=>xp = /^(ry) cos cot cos /cry + A 1 (ry) sin cot sin /cry + A 2 (r 2 ) cos cot cos kr 2 
+ A 2 (r 2 ) sin cnt sin kr 2 

=> xp = (^(ry) cos /cry + A 2 (r 2 ) cos k r 2 ) cos cot 

+ (^(ry) sin /cry + A 2 (r 2 ) sin /cr 2 ) sin rut 

Let ^(ry) cos /cry + ,A 2 (r 2 ) cos kr 2 — A cos cp -(i) 

Andf4 x (ry) sin /cry + A 2 (r 2 ) sin kr 2 — A sin cp - (ii) 

Then xp — A cos cp cos cot + A sin cp sin cot 
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=> xp — A [cos cp cos cot + sin cp sin cot] 

=> xp — A cos(cot — <p) 

This is the equation of resultant wave at point P. 

Phase Constant cp 

The phase angle cp is given by dividing (2) by (1) 
AjXry) sin /cry + A 2 (r 2 ) sin kr 2 


tan cp — 


4 1 (r 1 ) cos /cry + A 2 (r 2 ) cos &r 2 


_ i ( Ai(ry)sin/cry + A 2 (r 2 ) sin/cr 2 N 
^ an \A 1 (r 1 ')coskr 1 +A 2 (r 2 ')coskr 2j 


& 


.& 


Amplitude of Resultant Wave 

The amplitude A is given by squaring and adding (i) and (ii). 

A 2 cos 2 cp + A 2 sin 2 cp 

— A 1 2 (r 1 )cos 2 /cr 1 + A 2 2 (r 2 )cos 2 /cr 2 + 2A 1 (ry)A 2 (r 2 ) cos/cry cos/cr 2 
+A 1 2 (r 1 )sin 2 kr 1 + A 2 2 (ry) sin 2 /cry 
+ 2A 1 (ry)A 2 (r 2 ) sin /cry sin kr 2 
=> A 2 (cos 2 cp + sin 2 cp) 

— A 1 2 (r 1 )(cos 2 /cr 1 + sin?icry) 4- A 2 2 (r 2 )(cos 2 /cr 2 + sin 2 kr 2 ) 
+2A 1 (ry)A 2 (r 2 )[cos A:ry cos kr 2 + sin /cry sin kr 2 \ 

=> A 2 = A 2 (ry) + A 2 2 (r 2 ) + 2A 1 (ry)A 2 (r 2 ) cos k(r 2 - ry)- (3) 

Because iy ~ r 2 A^r-t) = A 2 (r 2 ) = A(r) where r 

r i + r 2 


(r 2 )sin A 


is t. 



n distance of point P 


from S x and S 2 . Then equation (3)becomes 

A 2 — A 2 (r) + A 2 (r) + 2A 2 (r) cos /c(r 2 — ry) 
=> A 2 = 2A 2 (r) + 2A 2 (r) cos k(r 2 — ry) 


4 


A 2 — 2A 2 (r)[l + co sk(r 2 — ry)] v 1 + cos0 = 2 cos 2 


A 2 = 2 A 2 (r) 


2cos 2 


k(r 2 - ry) 


A 2 — 4A 2 (r)cos 2 


k(r 2 - ry) 


(a) 
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Intensity of Resultant Wave 



d sin 0 = 0, X, 2X, 3X, 


Condition for Minima 

The intensity at P will be minimum when 
ltd sin 0 


4 ? 


A = (2 " + 1) 2 


d sin 0 = (2n + 1) - where n = 0,1, 2,3 ,.... 


X 3X SX 

dsin0 = 2'T'T' 
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Adding of Electromagnetic Waves (Phasor Method) 


We can obtain combined electric field of light in double slit experiment by algebraic 
method. But this method becomes very difficult when we add more than waves. So to 
overcome this problem the combined electric field is obtained by phasor 
method. A phasor is rotating vector which gives time varying quantities. A 
sinusoidal wave disturbance is represented by as 
E x — E 0 sino)t-(1) 

This wave can be represented a rotating vector, called phasor. For this 
purpose, we take a phasor of magnitude E 0 which is rotating about the 


origin in anticlockwise direction with angular frequency m. Then the 



4 


disturbance E x in equation (1) is represented by the projection 
phasor along y-axis [Fig. (a)]. 

Now consider a second wave of the same amplitude but having a phase 
difference cp given as: 

E 2 —E 0 sma)t -(2) 


$ 



It is represented by the projection of 2 nd phasor along y-axis as shown: 

Now the sum E = E a + E 2 is obtained by adding the projection of 
phasors along y-axis. It can be explained more clearly if we redraw the phasors such that the 
tail of one coincide with the head of the other as shown in 
figure (b): 

From figure, it is clear that sum E = E x + E 2 is equal to the 
projection of phasor of amplitude Eg along y-axis. So, from 
figure (c), we can see that projection E can be written as: 

E — Egsin^cot — /?)-(3) 

Now we have to determine Eg and /? of this resultant wave. 

Determination of /? 

In figure (c), the three phasors E 0 , E 0 and E 0 form an 
isosceles triangle. Since by mathematics, the sum of two interior angles of triangle is equal to 
the exterior angle: 

(P = P + P 

cp 

=><P = 20 => 0 = | 

Determination of E a 

In figure (c), the length of the base of the triangle can be described as: 
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E g — E 0 cos (3 + E 0 cos (3 

=> Eg — 2E 0 cos (3 -(4) 

Where E 0 is the amplitude of the resultant wave. The maximum possible value of the 
amplitude is E 0 = 2E 0 i.e., twice the amplitude of individual wave. 

Equation of Resultant Wave 

By putting values in equation (3), we get: 

cp> 


E — 2E 0 cos /? sin (cot — — ) 
This is the equation of resultant wave. 


Interference in Thin Films 




lower si 


Consider a thin film of uniform thickness and refractive index n. Monochromatic light 
is made to fall on this film. Light is reflected from the upper and lower surfaces of the film. 
These rays I and II interfere to give interference fringes. 

Ray reflected from the lower surface has a 
longer path than the ray reflected from the upper 
surface. For normal incidence the ray reflected from 
the bottom covers a distance 2d greater than the upper 
ray. In this time the ray reflected from the upper 
surface undergoes a phase. It is due to the reason that 


when reflection takes place at 
denser medium, the crest is reflect 
vice versa. 

Equilant 



dary of a 
as trough and 




-( 21 ) 

Where A n is the wavlength in the medium of refrective index n. Now when light wave 
passes from one medium (air) to another medium (oil), both the speed and wavelength 
change but frequency remains constant. 

fair — foil 

-( S ) 


c 

A 


v 

An 


where c — velocity of the light in the air. 

v — velocity of the light in thin film. 

A — wavelength of the light in the air. 

A n — wavelength of the light in thin film. 
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From equation (B), we can write: 
Ac A 


A n v 

A 

=* K = -■ 

n 


— n But - — n (index of refrection ) 
v 


Eq (A) becomes 


Equivalent Path Difference — 2d — 


Condition for Maxima 


2 n 


For maxima: 




Path Difference = mA r 


A mA 
2d- — = — 

2 n 2 n 

A mA 1 (A 

2d —-1-— — I —|- mA 

2 n n n V 2 


) 


2 dn = — (2m + 1) where m — 0,1,2,3 






& 




o v 


This is the condition for constructive interference. 

Condition for Minima 

Now for minima 

Path Difference = (2m - 

=> 2 d- — = (2m - 1 ) — 

2ti 2n 

Multiply by n on both sides, we get: 

2. A A A 

2(771 = (2m - i) - + - = - (2777 - 1 + 1) = - (2777) 

2d77 — 777A • 

This is a condition of destructive interference. 
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Newton Rings 


They are circular interference fringes .They consist of alternate bright and dark rings. These 
rings were first obtained by newton. That is why they are 
kn own as newton s rings. Newton’s particles theory could not 
explain the formation of these rings. 

Experimental Arrangement 

Consider a plane convex lenses placed on the glass with convex 
surface on the plate. Suppose light is made to fall normally on 
the plane surface of lens. Interference takes place b/w the rays 
reflected from upper and lower and upper surface of the air 
from between the lens and the plate. 

The path difference between two rays depends on thickness of air film at the point of 
incidence. It is equal to twice the thickness of air film at this poii nt. Since 5 the points of equal 
thickness lie in a circle. So the points of equal path difference lie in concentric circles. Thus 
the fringes obtained in this case are circular. These circ ;ular frill ges are called Newton’s rings. 
The ray of light reflected from the lower surface of the air film (upper surface of glass plate) 



undergoes a phase change of n or path diffe 
medium. 

So for maxima i.e., for constructive/! :ence: 
2 dn — — (2 m + 1) where m is interger 

a -A 

=* 2d = - (2m + 1)--(1) 



of - due to its reflection from denser 
2 


i.e., for des 
2d — mA - -A- - - (2) 


n — 1 for air 


And for minima i.e,, for destructive interference: 


Let R be the radius of curvature of the convex surface and r is the radius of the fringe. Then 
the thickness of air film is given by: 

= OB -OA 

From Figure, OB — Rand/? 2 — r 2 — (OA) 2 => OA — yjR 2 — r 2 . Therefore, 
d — R— V R 2 — r 2 
=> d = R - (R 2 -r 2 )^ 
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( 1 r 2 

d — R — R\1 — + negligible terms 

d = R - R ( 1 - 1 r9) 


d — R — R H- 

2 R 


d = 


2 R 

For Maxima 

Putting the value of d in eq. (1), we get: 

2^ = (2m + l)i 


\2R , 


, Afi 

- 2 = (2m + 1) — 


= ( m +i) 


Afi 


= ]( m+ i) 


& 


AR 


This equation gives the radii of bright ring; 

For Manima 

Putting the value of d in eq. (2), we get: 


& 






4t 


o v 




i£j-A 

=> r 2 = mAR 
==> ^ :: = y/mAR 

This equation gives the radii of dark rings. 
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7. Michelson’s Interferometer 

It is a device used to produce interference and also makes certain measurements. For 
example it can be used to measure wavelength of light. It can be used to measure thickness of 
film. 

Construction: 

It consists of semi silvered glass plate M called splitter. This plate is semi silvered at 
the back. A glass plate P having the same 



thickness as that of M is also placed parallel to 
M. Two plane mirrors M 1 andM 2 are placed 
perpendicular to each other. The mirror is 
mounted on a carriage and can be moved parallel 
to itself with the help of micrometer screw. 



The plane mirrors M 1 andM 2 are provided 
with leveling screws at their back with the help 
of which they can be made exactly perpendicular 


to direction of two beams. The interference band 
observed in the telescope T. Figure shows the arrangement. 

Workii 



an angle of ^ to the incident light. This plate splits up the light into two equal parts due to 



reflection and transmission. Ttie two parts Iandll acts as coherent sources because they are 
derived from the source S; Ray / is reflected and Ray II is transmitted. A glass plate P having 
the same thickness as that of M is placed in the path of Ray II because Ray I passes through 


the glass thrice while Ray II passes only one. So to keep the optical paths equal the plate P is 
placed in the path of Rayll. This plate is called compensating plate. Ray I after reflection 


from M-i and transmission through M enters the telescope. The plane mirrors are placed 
perpendicular to the rays so that they retrace their path. In this way they superpose between 
M and T to produce interference. 

Whether we observe a bright or dark band, it depends upon the path difference of two 
rays.Now suppose the path difference between two rays is zero i.e. the two rays cover equal 
distances before entering the telescope. Then they interfere constructively and we observe 
zeroth bright band.To change the path difference, the mirror is kept moveable and M 2 is 
fixed.The following measurements can be made with the interferometer. 
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(i) 


Measurements of wavelength (A) 


For measuring the wavelength, the source of light is monochromatic and is 
perpendicular to M 2 ■ So the fringes obtained are circular.Now we have the mirror M 1 , the 
fringes go on passing before the eye.Suppose we are observing zeroth bright band. To see the 
next bright band we have to produce a path difference of A. So, we move the mirror 

through the distance of ^ because ray II has to cover it twice. So zeroth bright is band 
replaced by 1 st bright band when M x is moved through the distance ^ . 

So by moving the mirror M t through the distance of ^ each time, we find that a bright 
band is replaced by the next bright band. Suppose n bright fringes pass before the eye when 


is moved through the distance d, then 
A 

d — n — 

2 


A = 


2d 


n 


So knowing d and n , A can be determined. 








o v 


(ii) Measurements of Thickness 


The plate whose thickness is required, is placed in the path of one of the rays. If t is 



the thickness and on the index of refraction, then path difference introduced = (n — l)t 

If is moved through a distance d then d — (n — l)t.So knowing d and n we can 
determine the thickness t of the plate. 

- gP - 

Sample Problem 7. Yellow light (A — 589nm) illuminates a Michelson interferometer. 
How many bright fringes will be counted as the mirror is moved through 1.00cm. 

A — 589 nm = 5.89 x 10 _9 m , m =?, P — 1 cm - 10~ 2 m 
As we know that • 


. 


A 

d = m — 


2d 


2 x 10" 2 


m A 5.89 x 10- 9 


— = 3.3956 x 10 4 = 33956 fringes. 
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8. Fresnel’s Biprism & its use to Determine Wavelength of Light: 


A biprism is a prism whose one angle is little less than 180° and the other two angles are 

small and equal to each other. 

Construction and Working 

It is a combination of two glass prisms with their bases in contact i.e. it acts as two 
prisms placed base to base. It is the best apparatus to produce interference fringes. 

Light from a narrow slit perpendicular to the plane of paper and illuminated by a 
monochromatic source is refracted from the biprism. Such that two virtual images S 1 andS 2 of 
the slit S are formed. So light appears to be coming from virtual images S 1 andS 2 . These 
virtual images acts as coherent sources. If a screen is placed in front of them, interference 

fringes can be obtained. rJS* 



Let 2d be the distance between the two coherent sources S 1 and5 2 . Suppose a screen 
is placed at a distance D from the slit S. Draw 
perpendicular SC oh the screen. Then C is equidistant from 
S 1 andS 2 . Hence ‘C’ will be point of maximum intensity. 

Let us consider any point P on the screen distant x 
from C, Join S 1 PandS 2 P. The two waves have a path 
difference S 2 P — S t P in reaching ‘P’.Now from figure: 

(S 2 P) 2 = D 2 + (x + d) 2 -(1) 

(SiP) 2 = D 2 + (x - d) 2 -(2) 

Subtracting (1) and (2): 

(5 2 P) 2 — (S^P) 2 = (x + d) 2 — (x — d) 2 
x 2 + d 2 + 2xd — x 2 — d 2 + 2xd = 4xd 
=> (S 2 P - S 1 P)(S 2 P + SjP) = 4xd 
Now S 2 P ~ S t P — D (for field approximation) 
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(S 2 P -S^iD +D) = 4 xd 
=> (S 2 P -S ± P)2D = 4 xd 
4 xd 


S 2 P-S 1 P = 


2D 


Path Difference = 


2 xd 
~D~ 



XD 

w= id (n - n+ && 


w — 


X = 


1 


D - 

So knowing, d and D, We can determine the unknown wavelength X. 
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Diffraction 


Diffraction and the Wave Theory of Light 


Bending of light around the edges of an obstacle or an opening and spread into geometrical 
shadow of the obstacle or opening is known as diffraction of light waves. 

The diffraction is the most prominent when the size of an opening or edges of obstacle is of 
the order of wavelength of waves. Since wavelength of light is very small (about 10~ 7 thCTefore 
light waves are diffracted by very tiny particles, sharp edges and very narrow opening. 

Theoretical Explanation 


& 


VJ 


Diffraction of light can be explained on the basis of Huygen principle. According to this 
principle: 

Every point on a wavefront can be considered as a stmowaiy source. 

• When a wavefront of monochromatic light reaches an. openingsmen a part of it falls on a slit. 
This part of wavefront will act as a secondary sourcjeVand wavelets originating from this 
source also reach in the shadow region whera ligpos not incident directly. This is in fact 
called diffraction of light. 

• In the slit or opening, there will be infinite points which act as point sources and all of them 
will be infinite points which act as ppint sources and all of those will be phase coherent. 
Therefore diffraction of light can also be regarded as superposition of infinite phase coherent 
waves. 


Comparison of Interference and Diffraction 


Similarities 

1. Both are typical wave phenomenon and occur due to superposition of phase coherent waves. 

2. Minima and maxima of intensity are observed due to both interference and diffraction. 

Differences 

1. Interfere occurs due to superposition of two phase coherent waves, while diffraction occurs 
due to superposition of infinite number of phase coherent waves 

2. Large number of maxima and minima can be observed in interference but only a few maxima 
and minima are observed in diffraction. 

3. In interference, maxima and minima are of equal widths and maxima have equal brightness 
(intensity). But in diffraction, maxima and minima are not of equal size and also their 
brightness (intensity) is different. 
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Diffraction by a Single Slit 


Consider the diffraction pattern of plane waves of light of 
wavelength X that are diffracted by a single long, narrow slit of 
width a. When the diffracted light reaches viewing screen C, 
waves from different points within the slit undergo interference 
and produce a diffraction pattern of bright and dark fringes on the 
screen. 

Central maxima in single slit diffraction 

The central bright fringe in diffraction pattern due to 
the reason that the Huygens wavelets from all points in the 
slit travel about the same distance to reach the center of the 
pattern and thus are in phase and interfere constructively to 
give central bright fringe. 

First minima in single slit diffraction 

Consider the first dark fringe, at point P 1 on s 



1st min 
2nd max 
2nd min 
3rd ma 


1st min 
2nd max 
2nd min 
d max 



To explain it, we divide the slit into two zones of equal 
widths ^ and the rays are extended to point P 1 from upper boundary of 




each zone. The light ray r x and a r 2 cancel each other when they arrive 
at P x . 

The wavelets of the pair of rays r t and r 2 are in phase within the 
slit because they originate from the same wavefront passing through the 
slit. However, to produce the first dark fringe they must be out of phase 

by - when they reach P x . 

In order to determine the path difference graphically between to 
rays, draw perpendicular from point A on ray r 2 at point b. From figure: 
\0P t \ = \Ob\ + IPPil 
=> r 2 = \0b\ + r x 
=>r 2 -r 1 = \0b\ 

=> Path Difference — \0b\ -(1) 

In right triangle A AOb: 

. \Ob\ 

sin 9 = -—- 
\oa\ 

=> | Oh | = | OA | sin 0 




O' 

Path difference 


Author: Muhammad Ali Malik, GC Naushera, Contact Us: WhatsApp # 03016775811 , www.facebook.com/HomeOfPhysics 


































B. Sc. Physics (H.R.K) 


Chapter 46: Diffraction 


a 


=> \0b\ — — sin 6 
Equation (1) takes the form: 


For first minima: 


a 


Path Difference — — sin 6 


-( 2 ) 


Path Difference — — -(3) 

Comparing equation (1) and (2), we have: 

a A 

-sin# = - 
2 2 

=> a sin 6 — A 

Second minima in single slit diffraction 

In order to determine the condition for second dark fringe 
at point P 2 on screen C, we divide the slit into four zones of 
equal widths ^ and the rays are extended to point P 2 fror 

boundary of each zone. The light ray r 1 . r 2 , r 3 and r 4 cancBCelich 
other when they arrive at P 2 . For this the “p A fference 
between r x and r 2 ”, “path difference betW^ r^yand r 3 ” and 


efv 



These rays 
cancel at P 2 . 



Incident 

wave 


“path difference between r 3 and r 4 ” must be equal to 
Graphically, the path difference between two consecutive rays will be 

, <§? 

a A 

-sin0 = - 
4 2 


-sin 6. Therefore: 

4 


o 


a sin 6 = 


Generalizatio 


4 $ 

n for All Minima 

In the simi y, we could now continue to locate dark fringes in the 
diffraction pattern by splitting up the slit into more zones of equal 
width. We would find that the dark fringes above and below the 
central axis can be located with the general equation: 
a sin 6 — mA 

where m is integer. The above equation is called diffraction equation. 


Path length 
difference between 
r, and r 2 
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Intensity in Single-Slit Diffraction, Qualitative Analysis 


In order to find out an expression for the intensity I of the pattern as a function of 9, we 
divide the slit of into N zones of equal widths Ax. Consider the resultant at an arbitrary point P on 
the screen makes an angle 9 to the central axis. 

Initially, we shall determine Eg of the electric component of the resultant wave at P. Then, 
the intensity of the light at P is determined by using fact that Eg proportional to the square of that 
amplitude. 

To find Eg, we need the phase relationships among the arriving wavelets. The W 2 


difference between wavelets from adjacent zones is given by: 

2n 

(Phase Difference ) = — (Path Difference) 

A 


2n 

A <p — — (Ax sin 9) 
A 


(i) 



§6 


& 


& 




arriving at point P have different phases because they travel different distances to re :aeO The phase 


4 * 


de A E. To find the amplitude Eg 


We assume that the wavelets arriving at P all have the same ar 
of the resultant wave at P, we add the amplitudes A E via phasors. To do this, we construct a diagram 
of N phasors, one corresponding to the wavelet from each zone in the slit. 

Central Maximum 

For point P 0 at 9 — 9, Eq. (1) tcllsJus tfiat the phase difference Atp between the wavelets is 
zero, i.e., all wavelets arrive in phase at point P 0 . Figure (a) is the corresponding phasor diagram. All 
adjacent phasors represent wavelets from adjacent zones and are arranged head to tail. The amplitude 
Eg of the net wave at P 0 is the vector sum of these phasors. This arrangement of the phasors turns out 
to be the one that gives^jhe greatest value for the amplitude Eg. We call this value E m ; that is, E m is 
the value of Eg for 9 = 9. 

Ee (=£J 



“Phasor for 
top ray 


Phasor for 
bottom ray - 


(a) 


We next consider a point P that is at a small angle 9 
to the central axis. Figure (b) shows the corresponding 
phasor diagram. The phasors are arranged head to tail, but 
now there is an angle A <p between adjacent phasors. The 
amplitude Eg at this new point is still the vector sum of the 
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phasors, but it is smaller than that in Figure (a), which means that the intensity of the light is less at 
this new point P than at P 0 . 

First Minimun 

If we continue to increase 9, the angle A <p between adjacent phasors increases, and eventually 
the chain of phasors curls completely around so that the head of the last phasor just reaches the tail of 
the first phasor Figure (c). The amplitude Eg is now zero, which means that the intensity of the light 
is also zero. We have reached the first minimum, or dark fringe, in the diffraction pattern. 



& 


(c) 


acent phasors continues to increase, 


First Maximum 

As we continue to increase 9, the angle A <p betv 
the chain of phasors begins to wrap back on itself, anchth^resulting coil begins to shrink. Amplitude 
Eg now increases until it reaches a maximunju value in the arrangement shown in Figure (d).This 


— 


# 

<&> 


o v 


arrangement corresponds to the first maxi 



the diffraction pattern. 


Second Minimum 

If we increase u a bit more, the resulting shrinkage of the coil decreases Eg, which means that 
the intensity also decreases. When 9 is increased enough, the head of the last phasor again meets the 
the firs 


tail of 


rst phasor. We have then reached the second minimum. 
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Qualitative Analysis of Single Slit Diffraction (Overview) 


e 
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Single Slit Diffraction, Quantitative Analysis 


A slit is usually a rectangular aperture of very small width as compare to its length. Suppose parallel 
rays of monochromatic light of wavelength A are normally incident 
on a slit of width a as shown in the figure. 

The plane wavefront will reach at slit on all points 
simultaneously. According to Huygen’s Principle, every point of 
unobstructed point of a wavefront will act as a secondary source and 
all of them will be phase coherent. The rays or wave trains diffracted 
parallel to each other can be focused at a point on screen with the 
help of convex lens. For this purpose, position of the lens is so 
adjusted that the screen will coincide its focal plane. 

(i) We first consider an element of length ‘dl’ at the center O of slit. 

If dE 0 be electric field component of light wave reaching point i 
t, then 

Adi 



dE 0 = 


-sin (oof — kr) 


where r is distance covered by waves in reachi: 
constant. 

(ii) Now consider another element of 


electric field component at point 

<tA)| 


Adi 

dE_ =-sin[o)t — 



this element ‘dl’ at instant 


k is wave number and A is proportionality 


at a distance 1 = - below the center O. Let dE_ be 
2 


the waves from this element at instant t, then 


Where A— 1 sin 0 = -sififi and 0 is the angle parallel rays diffracted from slit. 

(iii) Similarly if dE + is (fie electric field component due to waves reaching at point P from another 


length elemei 
Adi 


| sin 0 ai 
ul, + is i 




4^ : 


a distance 1 = - above center O at instant t, then 
2 


sin[o)t — k(r — A)] 


If dE is the net electric field due to both elements then 

dE = dE+ + dE_ 

A dl A dl 

=> dE =-sin [oof — k(r — A)] H-sin [oof — k(r + A)] 

r r 

Adi 

=> dE =-[sin(o)t — kr + kA) + sin(o)t — kr — kA)] 


7 

Author: Muhammad Ali Malik, GC Naushera, Contact Us: WhatsApp # 03016775811 , www.facebook.com/HomeOfPhysics 
























B. Sc. Physics (H.R.K) 


Chapter 46: Diffraction 


A dl /cot — kr + kA + oot — kr — kA 
dE —-.2 sin 


■K“) 


j cos ^ 


oot — kr + kA — oot + kr + kA> 


2A dl /2oot — 2kr 
dE =-sin 


dE = 


r 

2A dl 
r 
2k 


-sin(oot — kr) cos(kA) 


=» dE = —sin (cot — kr) cos(klsin 0) dl 
r 

The net electric field component “E” at point P due to all waves originating from slit can 


by integrating above expression from 0 to - 


i be obtained 

y 


-sin(oot — kr) cos(klsin 0) dl 


a i 

=/W : 

-'0 •'0 

2k ft 

=> E =—sin(cot — kr) cos(klsin 0) dl 
r Jo 


2k 

E - —sin(oot — kr) 


sin(klsin 0)1 2 


ksin 0 


2k sin(oot — kr) 

E =---——sin 

r (ksin0)a 


(K^ineU^ * 




$6 


& 


,o v 


E = 


Aasin (ikasin©) 

V 1 . sin(o)^Vf 


2 ka sin 0 


If E 0 is the amplitude of resultant 
Aa sin fikasin 


Eo = — 


Let 




c field component, then 
-( 1 ) 


— ka sin 0 = a 


Equat takes the form: 

Aa sin a 

E 0 =- 

r a 

If I 0 is resultant intensity at point “P” then 
I 0 oc E 0 2 


( 2 ) 


I 0 oc 


Aa sin a 


n a\ 
a ) 
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In °C 


A 2 a 2 /sin a 


a 


/sin a\ 

^ Ie = 1 "’(—) --“(VO 

Where ‘I m ’ is maximum intensity. 

Principle Maxima/ Central Maxima: 

If a = 0, eq (2) =>0 = 0. Also, lim a ^ 0 = 1 

In this condition all the rays will be occurred at central point on screen, then I e 
maximum will be observed at central point which is kn own as “Principle or Central maxima”. 



us a 


Secondary Maxima / Other Maxima: 


The other maxima will be observed at those point on screen where sin 2 a = 1. 




tj 


tt 3tt 5tt 

a = + —, + —, + — ■ 
— 2 2 2 


a = (+1, +3, +5) 


TT 


=> a = (2m + 1) - 
Where m = +1, ±2, +3 


<V 




The secondary maxima will be observed ASu. of principle maxima but their intensity 
decreases very rapidly on with increap- ha' their order. Therefore, only few maxima are practically 
observed. Put value of a in equation (2) 

1 TT a'OkUX TT 


TT a*<ET[\ 

-kasin 9 = (2m + !) — => 2 ( T ) 


a sin 0 = (2m + 1) — 
2 


a sin 0 = (2rn + 1)- 

which is condition for mlfiama other than central maxima. 


Minima 


For equation (T), it is clear that minima will be observed at those points on screen where sin 2 a = 0. 

=> a = mTT, where m = +1, ±2, +3- 

Putting the values in equation (u): 


■ ka sin 0 = mu 


1 /2tt> 

-1 —) a sin 0 = mu 


=> a sin 0 = mA 
which is condition for minima. 
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Diffraction at a Circular Aperture 


The diffraction pattern can be observed with a circular aperture by focusing parallel 
diffracted rays at a point on a screen with the help of a convex lens. Position of lens is so adjusted 
that the screen coincides with its focal plane. The diffraction pattern consists of a central maxima of 
circular shape surrounded by minima and secondary maxima in the form of circular rings. The 
intensity of secondary maxima decreases with the increase in their order and therefore few bright 
rings are observed around the central maxima. 

The mathematical analysis of diffraction by a circular aperture shows that the first mini mum 


occurs at an angle 6 from the central axis which is given by: 
A 




sin0 = 1.22 — 


0 - sin 


■‘( l 2 4 ) 




,o v 


where A is the wavelength of monochromatic light by which aperture is illuminated and D is the 
diameter of the aperture. — 




The above relation shows that if diameter of apertupejs reduced, the width of central maxima 
will increase. Hence if an object is a point, its image formed by the lens will not be a point image due 
to diffraction because the central maxima will have J^Titc width. 

An optical instrument is designed to mafee clear and distinct images. Generally the aperture of 
an optical instrument is circular. So the images of point object are observed in the form of central 
maximum of finite width surrounded by minima and secondary maxima. 


Resolving Power and Rayleigh Criteria 


If the two point obji^t| are very close, the central maxima of their images may overlap and 
the images may not be seen distinctly i.e., they may not be resolved. 

In this regard, Rayleigh gave an arbitrary criterion. According to this criterion, 

Images ofM0 pmm obiec ‘ are said to bejus ' reso,ved ,f,he separa,ion bemeen ,hem >s such ,ha ‘ ,he 
principal maximum of image of one falls on first minimum of image of the other and vice versa. 

If the points are brought more close then their images will not be resolved. 


When the images are just resolved, the angular separation between them is called resolving power of 
lens and minimum angle of resolution denoted by d R . Thus it is given by: 

= sin -1 (1.22 — 
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sin d R — 1.22 — 
R D 


But 9 r is very small, therefore sin 0 R ~ 0 R 
A 

=>6 R = 1 . 22 - 
R D 

Smaller the value of 0 R , greater will be the resolving power. 


Double Slit Interference and Diffraction Combined 


Suppose ,ha, parallel rays of monochroma,ic light of wavelength A are normally incident on 
an arrangement of two slits each of width ‘a’. Let ‘d’ be the separation between theu^ra^ters, then 
plane wavefronts will reach simultaneously on all parts of two slits as shown in the figure. 

According to Huygen Principle, every point on the unobstacated part of wavefront will act as a 
secondary source and all such sources will be phase coherent. The rays of light diffracted parallel to 
each other can be focused at a point on the screen with the help oLfconvex lens. For this purpose, the 
position of lens is so adjusted that screen coincides with its focal plane. 

Since every point on the two slits can be considered as a secondary source, therefore there 
will be superposition of infinite number of phase coherent waves at a point (say P) on screen. This 
will result in diffraction. At the same time, ea tch s^hrf also be treated as a single source, then there 
will be superposition of two coherent waves wftjeh will result in interference. Thus both interference 
and diffraction can be studied in this arrangement. 

If there were only diffraction, then their resultant intensity at P would be: 


la =/• 


where 


m.diff 


7rasin 


/sin a 


a — 





o 


a#- m 


( 2 ) 


If there were only interference then resultant at P would be: 




m,int 


COS 2 /? 


( 3 ) 


Where 


P = 


nd sin 6 


(4) 


Since both interference and diffraction are taking place in this case, therefore combining equation (1) 
and (3), given by: 

/sin i 


Ie=Ir 


in a\ 
a ) 


cos 2 /? 


( 5 ) 
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Where I m is maximum intensity. 


Condition for Maxima and Minima due to Diffraction 

Principle Maxima 

if e = o 


a — 0 


And 


sin a 

lim-= 1 

a— >0 a 


& 


In this case, maxima will be observed at central point P 0 on screen and is called principle maxima. 

Secondary Maxima *s- 

s$r 


They will be observed at those points on screen where 
sin 2 a = l 


TC 

=> <2 = ( 2 m + 1 ) — 

where m — +1, ±2, +3- 

Putting value in (ii), we have: 
na sin 6 n 


■P 


£ 




$6 


=» a sin 9 — (2 m + 1) ■ 

Minima 

They will be observed at those points on the screen where 



; value 


11 ‘ • 1T 


o 


sin 2 <2 = 1 
=> <2 = mn 

Where m^Vl. ±2, +3- 

Putting in (ii), we have: 
na si 


= mn 


a sin 6 — mX 
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Condition of Maxima and Minima due to Interference 

Maxima 

They will be observed at those points on screen where 
cos 2 /? = 1 
=> a — nn 


where n = +1, ±2, ±3 
Putting value in (ii), we have: 
na sin 6 


X 


— nn 


& 


=> a sin 0 — nX 

Minima 

They will be observed at those points on screen where 
cos 2 /? = 0 


=>0 = (2n + l)| 

where n = +1, ±2, +3- 

Putting value in (ii), we have: 

na sin 6 n 

— = (2n + 1) ^ 

X 

=> a sin 9 — (2 n + 1) — 


.O 


£ 






,o"' 


Only Interference by Double Slit 

If we want to observe only interference pattern by double slit arrangement, then following condition 
must be satisfied a « d^. © width of slit is very very small as compare to the separation between 


slits. In this case qur 


large number of interference maxima will be contained in principle 


diffraction maxima and*interference maxima in the middle region will have equal intensity. 






ma^n 
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UNIVERSITY OF SARGODHA 

B.A. / B.Sc. 1st Annual Exam 2017 


Physics 


Paper: A 


Time Allowed: 3 Hours Maximum Marks: 50 

Note: Attempt any five questions in all, selecting at least two questions from each part. All questions carry equal marks. 

SECTION-I 

Q # 1. (a) What is special theory of relativity? State its basic postulates. Also apply it to calculate relativistic momentum 
of a system of two particles. 

(b) The most energetic proton detected in the cosmic rays coming to earth from space had kinetic energy of 3 X 10 20 eV. 
What were the proton's Lorentz factor y and speed v (both relative to the ground based detector)? 

Q # 2. (a) Describe three Kepler's laws about the motions of planets and satellites in detail. 

(b) A satellite, orbiting at an altitude of two earth's radii above its surface, launches an equipment canister of mass 
towards the earth's center with a speed of 525 m/s. With what speed do the canister enter the earth's atmosphere (a 


ssm 


c 


distance of h = 100 km above its surface). 

Q # 3. (a) State and prove the Bernoulli's equation for an ideal fluid. 

(b) Castor oil of density 0.96 X 10 3< kg/m 3 at room temperature is forced through a pipe of circular cross section by a 
pump that maintains a gauge pressure of 950 Pa. The pipe has a diameter of 2.6 cm and a length of 65 cm. The castor oils 
emerging from the free end of the pipe at atmospheric pressure is collected. After 90 s, a fotal of 1.23 kg has been 
collected. What is the coefficient of viscosity of the castor oil at this temperature? 

Q # 4. (a) What is a vector field? Explain curl of a vector field, give its physical significance and hence prove that 
Curl V = V X V. 

(b) Prove that if the vector is the gradient of a scalar function then its linpintegral round a closed curve is zero. 

Q # 5. (a) Define center of mass of a system of many particles. Find velocity and acceleration of center of mass and show 
that in the absence of external force, center of mass moves with uniform velocity. 

(b) A canon whose mass M is 1300 kg fires a 72 kg ball in a horizontal direction with a speed v of 55 m/s relative to the 
canon. The canon is mounted so that it can recoil freely, (i) What is the velocity of the recoiling canon with respect to 


earth? (ii) What is the initial velocity of the 


ball with 


respect to the earth? 


SECTION-II 


Q # 6. (a) Prove that simple harmonic md jjjonJ can be described as the projection of uniform circular motion along the 


displacement, velocity and acceleration of projection. Also prove that circular 

▼ 


diameter of a circle. Find equations 
motion can be regarded as combination of two identical simple harmonic motions. 

(b) A pendulum is formed by pivoting a long thin rod of length F and mass m about a pivot on the rod that is that is 
distance d above the center^Prod, (i) find small amplitude period of this pendulum in terms of d, F, m, and g (ii) Show 
that the period ha&a minimum value when d =0.289F. 

Q # 7. (a) What is Doppler effect? Find expressions for apparent frequencies when (i) Observer is in motion and source is 
at rest, (ii) Source is in motion and observer is at rest. 

(b) 4'sound wave of intensity 1.6 pW/cm 2 : passes through a surface of area 4.70 cm 2 . How much energy passes through 



face in one hour? 

Q # 8. (a) What is plane polarization of light? Explain polarization of light by reflection and derive an expression of 
Brewster law. 

b) Fight traveling in water with n ( is incident on plane of a glass plaite with n g = 1 53 . At what polarizing angle 
reflected light is completely polarized. 

Q # 9. (a) What is diffraction grating and grating element? Derive an expression for its dispersion and resolving power, 
(b) Calculate approximately the relative intensities of the secondary maxima in the single slit Fraunhofer diffraction 
pattern. 

Q # 10. Write note on any two of the following: 

a) Traveling waves 

b) Michelson’s interferometer 

c) Rocket equation 



UNIVERSITY OF SARGODHA 

B.A. / B.Sc. 1st Annual Exam 2016 


Physics 


Paper: A 


Time Allowed: 3 Hours 


Maximum Marks: 50 


Note: Attempt any five questions in all, selecting at least two questions from each part. All questions carry equal marks. 

SECTION-I 

Q # 1. (a) What are direction cosines? Prove that l 2 + m 2 + n 2 = 1. 

(b) Fine the Cartesian cosines of (2, -1, 2) 

Q # 2. (a) What is friction? Discuss in detail static and kinetic friction. Which is greater? 

(b) What is the greatest acceleration that can be generated by runner if the coefficient of static friction between shoes and 
road is 0.95. 

Q # 3. (a) What is rotational K.E. Derive its formula? 

(b) Derive Rotational inertia of hallow cylinder. 

Q # 4. (a) Define pressure of a fluid. Derive an expression for pressure gradient between the point inside a fluid qncppoint 
at its surface. Determine variation in pressure in atmosphere. 

(b) A stream of water from a fexect necks down as it falls. The cross section area A 0 is 1.2 cm 2 and that of ATs 0.35cnr. 
The two levels are separated by a vertical distance h= 35mm. At what rate does water flow from the tap. 

Q # 5. (a) Write short notes on any two of the following. 

a) Relativity of length by the consideration of special theory of relativity. 

b) Oblique collisions 

c) Artificial satellite. 




SECTION-II 


and find it: 


2v° 


$6 


4 


Q # 6. (a) What is torsional oscillator? Show that its motion is SHM and find its time period 

(b) A uniform disc is pivoted at its rim. Find its period for small oscillations and the length of equivalent simple pendulum 
Q # 7. (a) Compute wave speed using mechanical analysis, also calculate transverse velocity of the particle. 

(b) A vibrator sets the string into motion at a frequency of 120 Hz. The string has a length of 1=1.2 m and linear density 
1.2 g/m. To what value, must the tension be adjusted to give fs^uoloops? 

Q # 8. (a) Explain the interference in thin film. 

(b) A water film with n = 1.33 in air is 320 nm th 
will it appear to be in reflected light? 

Q # 9. (a) Discuss circular aperture diffracti 

(b) What is dispersion and resolving pow 


,o. 



is illuminated with white light at normal incidence, what color 






2 ^ 




O* 
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Physics 


Paper: A 


Time Allowed: 3 Hours Maximum Marks: 50 

Note: Attempt any five questions in all, selecting at least two questions from each part. All questions carry equal marks. 

SECTION-I 

Q # 1. (a) State and prove Gauss’s Divergence theorem. 

(b) Prove that the magnitude of vector product of two vectors is equal to the area of parallelogram. 

Q # 2. (a) What is conical pendulum? Calculate its period of revolution. 


(b) A conical pendulum is formed by attaching a 53g pebble to 1.4 m string. The pebble swings around in a circle 
radius 25cm: (i) What is the period of the pebble? (ii) What is acceleration? (iii) What is the tension in string? 

Q # 3. (a) Calculate rotational inertia of solid cylinder about an axis passing through center and perpendicular to its ; 
of symmetry. 


JW 


axis 


(b) A disk spins on horizontal shaft mounted in bearings with angular speed of co 1 = 84 rad/s. The entire disk and shaft 
assembly are placed on turn table rotating about vertical axis at o> 2 = 43 rad/s counter clock wise as we viewed it from 
above. Describe the rotation of disk as seen by observer in room. 

Q # 4. (a) What is the equation of continuity? Prove it. What result you get from it? 



(b) Crew members to escape from a damaged submarine 112 m below the surface. Ho 
pop-out hatch which is 1.22 m by 0.590 m to push it out? _ Nik 


ch force must be applied to 


Q # 5. Write short note on any two of the following: 


i. Rocket Equation 

ii. Mosely’s Law 

iii. Psedo Forces 


Q # 6. (a) Derive wave equation. 

(b) Calculate the speed of a transvers 
Q # 7. (a) What are standing waves? Pro 





a string of length 2.15 m and a mass 62.5 g under the tension of 487 N. 


v#s? Prove that the frequency of standing waves is quantized. 

(b) Speed of a wave in a strirtg is. 1 72 ms when tension is 123 N. To what value must the tension be increased in order 
to increase the wave speed to 180 ms~ 1 . 

Q # 8. (a) What istdiffraction? Explain single slit diffraction in detail and hence derive diffraction equation. 


(b) A slit oPmdth' “a” is illuminated by white light. For what value “a” does the first minima for red light having 
wavelength of 650 nm fall 9=15°. 

Q #1Ua) h at is meant by polarization of light? How you can get a plane polarized light by polarizing sheet. Show that in 
a circular polarization, the average intensity of light is proportional to the square of maximum amplitude of light waves? 


(b) We wish to see a glass plate with n =1.5 in air as a polarizer. Find the polarizing angle and the angle of refraction. 
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Paper: A 


Time Allowed: 3 Hours Maximum Marks: 50 

Note: Attempt any five questions in all, selecting at least two questions from each part. All questions carry equal marks. 

SECTION-I 

Q # 1. (a) Explain Gradient of a scalar and show that for a scalar function <p\ Grad cp = V<p 

(b) A particle moves along curve x = e 2t , y = cos 2t ,z = sin 2t where t is the time, determine its velocity and 

acceleration at any time. 

Q # 2 (a). What is conical pendulum? Show that the period of motion oft: conical pendulum does not depend on mass. 

(b) A block is at rest on an incline plane making an angle 9 with the horizontal, as the angle of inclination is raises 
found that slipping just begins at an angle of inclination 0 =15°. What is the coefficient of static friction betwe 



and incline? 


c 



Q # 3 (a). Define the parallel axis theorem. Find the rotational inertia of a solid rod of length L and u$q|s M about an axis 
which is perpendicular to length and passes through lite center. 

(b) The angular speed of an automobile engine is increased from 1170 rev/min to 2880 rev/min in J 


„Q 


s. Find the angular 


acceleration in rev/min". How many revolutions does the engine make during this time? 

Q # 4 (a). Find the Gravitational force on a point mass when it is outside and inside a unifptrnly dense spherical shell, 
(b) It is desired to place a communication satellite into orbit so that it remain fixed abov^pfgiven spot on the equator of 
the rotating earth, what is the height above the earth of such an orbit? M,g^g= 5.98 X 10 24 kg. 

Q # 5 (a). What are postulates of special theory of relativity, write noti 
i. Time Dilation 

Fength Contraction 


li. 

(b) The mean lifetime of muons stopped in a lead bloc! 
high speed muons in a burst of cosmic rays observe 
cosmic ray muons. 

Q # 6 (a). Write short note on two of the following: 
i. Work Energy theorem C7 1 




tH^ahoratory is measured to be 2.20 ps. The mean life time of 
the earth is measured to be 16.0 ps. Find the speed of those 


li. 

iii. 


Pseudo Forces 
Interference from Thin 


implc Harmc 


SECTION-II 

Q # 7. (a) Define Sirfple Harmonic Motion. Write down simple harmonic equation and sole it for the displacement, time 
period and acceleration. 

(b) In an electric shavCT, the blade moves back and forth over a distance of 2 mm. The motion is simple harmonic with 
frequency 120 Hz. Find (a) amplitude, (b) maximum blade speed, (c) maximum acceleration of blade. 

Q # 8 <( 3 ) Define travelling waves. Derive the expression for velocity of a wave in a string by mechanical analysis. 

(b) What are the three lowest frequencies for standing waves on a wire 9.88 m long having mass of 0.107 kg, which is 
stretched under a tension of 236 N. 

Q # 9. (a) What are Beats? Show analytically that number of beats per second is equal to the difference of frequencies of 
two oscillators. 

(b) A string of violin is a little too taut. Four beats per second are heard when it is sounded together with a tuning fork that 
is vibrating actually at the pitch of concert A (440 Hz). What is the period of the violin string vibration? 

Q # 10 (a). What is meant by diffraction of light? Derive condition for maxima and minima of diffraction due to single 
slit. 

(b) A converging lens is of 32 mm in diameter, (a) What angular separation must two distant point objects have to satisfy 
Rayleigh’s criterion? Assume 7=550 nm. 
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SECTION-I 

Q # 1. (a) State and prove Stoke’s theorem. 

(b) Evaluate the following integral for close surface: 


r. fids 



. 


Q # 2 (a). Calculate rotational inertia of a disc about an axis passing through a center and perpendicular to its plan 
(b). Which is greater, angular momentum of earth associated with the rotation about its own axis or angular momentum 
of earth associated with its orbital motion around sun. The distance between sun and earth is 1.5 X 10 11 m. 

Q # 3 (a). What is elasticity? Discuss in detail Young's Modulus and Bulk Modulus. 

(b). In a hurricane air density 1.2 kg/m 3 is blowing over the roof of a house at a speed of 110 km/h.nf) What is the 
pressure difference between inside and outside that tends to lift the roof, (b) What should be the lifting force on a roof of 
area 93 m 2 . 

Q # 4 (a). What is Lorentz Transformation? Derive it mathematically. When Lorentz transformation reduces to Galilean 
transformation. 

(b) Find speed parameter P and Lorentz factor y for a particle whosc'Ttef= I|) MeV if particle is electron. 

Q # 5 (a). Discuss the elastic collision in two dimensions. How will you fin d the velocities of the two particles after 
collision having mass m, and m 2 . The initial velocity of the first particle is V! and second particle of mass m 2 is at rest. 


The first particle scattered at an angle 9 and second particle 


an angle cp along the original direction. 


(b) A gas molecule having speed of 322 ms 1 colliers etkftically with another molecule of the same mass which is initially 
at rest. After collision the first molecule moves at an angle of 30° to its initial direction. Find the speed of each molecule 
after the collision. 

T owing: 


Q # 6. Write a short note on any two of tl 

(i) Equation of continuity of a fluf 

(ii) Physical Pendulum V 

(iii) E = me 2 ^ 




iterference o: 


SECTION-II 

Q # 7 (a). Define interference of waves. Derive the formula for the condition of constructive interference. 

(b) A string Ccitl vihratC with the frequency of 440 Hz and has a length of 0.34 m. What are the three longest wavelengths 


of the rcsonqndNsf the string? 


Q # 8 (a). What is Michelson Interferometer? Explain its construction, working and uses. 

(b) In a double slit experiment with blue light of wavelength 512 nm the slits are 1.2 mm apart and screen is 5.4 m from 
the slits. How far apart are the bright fringes as seen on the screen. 

Q # 9 (a). What is tortional pendulum? Prove that its motion is SHM. Find its time period. 


(b) The period of disc of radius 10.2 cm executing small oscillations about a pivot at its rim is measured to e 0.784 s. Find 
the value of g. 


Q # 10 (a). What is diffraction grating? Explain how grating diffract light. Find its resolving power. 

(b) A grating has 9600 lines uniformly spread over a width of 3 cm and is illuminated by light from mercury vapor 
discharge, (i) What is expected dispersion in the third order in the vicinity of the intense green line of wave length X- 
546nm. (ii) What is the resolving power of this grating in the fifth order? 
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SECTION-I 

Q # 1 (a). Explain Divergence of a vector field. Show that div V = V. V. 

(b). If 6{x,y,z ) = 3x 2 y — y 3 z 2 , find grad 6 at point (1, -2,1). 

Q # 2 (a). What is rotor? Find an expression for tangential speed of a man on the wall of the rotor. 

(b). A circular curve of highway is designed for traffic moving at 60 km/h. If the radius of curve is 150 m, what is the 
correct angle of banking of the road? 



Q # 3 (a). Discuss inelastic collision in one dimension of two particles which stick together after collision in Lab’s 
(b). Two skaters A and B mass 83kg and 55 kg respectively collide and embrace in a completely inelastic collision. 
Before collision skater A was moving east with velocity 6.4 Km/h and skater B with velocity 8.8 km/h towards north. 

yj it h (a;, onow inui me iorce exeneu uy a uiiiioim min spnencai sneei or mass ivi on a puiii^mass m when it is outside, 
is the same as if all the mass of the spherical sheet were concentrated at its center. 



tial energy at infinite 


= me 2 , where symbols have usual 


(b) What is the gravitational potential energy of the Moon-Earth system, relative to ti 
separation? 

Q # 5 (a). What is theory of relativity? Define its two basic postulates, 
meanings. 

(b) What is the momentum of a photon moving at speed of v = 0.86c? 

Q # 6. Write a note on any two of the following: 

(i) Escape velocity (integrating techniques) 

(ii) Rocket Equation 

(iii) Bernoulli equation 

(iv) work-energy Theorem 

Q # 7 (a). What is physical pendulum? Write down its equation of motion and find its time period. Also find the length of 


SECTION-II 






equivalent simple pendulum. 

(b) Discuss briefly the Lissaj ousp atterns. 

Q # 8 (a). What is meant by interference of light? Describe the Young's double slit experiment and find the conditions of 
constructive and destructive interference. 

(b) The double slit arrangement is illuminated by light of wavelength A = 546 nm , the slit are 0.12 mm apart, and the 
Screen on which the interference pattern appears is 55cm away. What is angular position of the first minimum? What is 
the linear distance on screen between adjacent maximum m and m+1. 

Q # 9 (a). Derive an equation of motion of travelling waves in one dimension (on a string). 

(b) In an arrangement, a vibrator sets the string into motion at a frequency of 120 Hz. The string has a length L=1.2m, and 
its linear mass density is 1.6 g/m. To what value must the tension be adjusted to obtain the pattern Of motion having four 
loops? 

Q # 10 (a). What is polarization? How the polarized light can be produced by reflection? 

(b). Two polarizing sheets have their polarizing directions parallel so that the intensity I m of the transmitted light is a 
maximum. Through what angle must either sheet be turned if the intensity is lo drop by one half? 

Mass of moon m = 7.36 X 10 22 kg, distance between Earth and Moon d = 3.82 X 10 8 m. 



